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In F-theory compactifications, the abelian gauge sector is encoded in global structures of the
internal geometry. These structures lie at the intersection of algebraic and arithmetic descrip-
tion of elliptic fibrations: While the Mordell–Weil lattice is related to the continuous abelian
sector, the Tate–Shafarevich group is conjectured to encode discrete abelian symmetries in
F-theory. In these notes we review both subjects with a focus on recent findings such as the
global gauge group and gauge enhancements. We then highlight the application to F-theory
model building.
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1 Introduction
Over the past two decades, F-theory [1–3] has established itself as a powerful framework to
study non-perturbative string compactifications. A major part of its success is footed on the
mathematical formulation of F-theory in terms of elliptic fibrations. Utilizing tools from alge-
braic geometry, we have since learned about many intriguing connections between physics and
mathematics. A particularly active topic of research has been the understanding and system-
atic construction of abelian gauge symmetries in F-theory. The original motivation arose from
phenomenological considerations, where abelian symmetries were needed as selection rules in
GUT model building [4–17]. In the absence of any direct detection of supersymmetry, it has
further become more attractive to engineer the Standard Model gauge group directly, which
of course relies on a realization of the hypercharge U(1). In addition, abelian symmetries
provide novel links between physics and aspects of arithmetic geometry.
Unlike non-abelian symmetries, abelian ones are associated to inherently global data of the
geometry. In the case of continuous abelian symmetries, i.e., U(1)s, this geometric origin has
been known since the early days of F-theory [3]. However, the first concrete global model with
abelian symmetry, the so-called U(1)-restricted Tate model, was constructed much later [10].
This model explicitly realizes an elliptic fibration pi : Y → B with a so-called rational section,
which is essentially a copy of the base B inside the total space Y of the fibration. Rational
sections of elliptic fibrations form an abelian group—the famous Mordell–Weil group—which
has been and still is the focus of many mathematicians. It was not surprising that F-theory
benefited immensely from their efforts. Indeed, the introduction of the so-called Shioda-map to
the F-theory community in [18,19] sparked the explicit construction of many abelian F-theory
models [17,20–32]. The more formal approach to U(1)s via the Mordell–Weil group not only led
to new insights about physical phenomena such as gauge symmetry breaking/enhancement
or the global structure of the gauge group. It also significantly improved the capabilities
of F-theory model building (in addition to the previous references, see also [33–35]), which
most recently culminated in globally consistent realizations of the chiral Standard Model
spectrum [36–38].
The study of abelian symmetries also led to a drastic paradigm shift in the geometric
description of F-theory. Namely, it turned out that a consistent compactification space Y
need not to be elliptically fibered (i.e., having at least one rational section), but could more
generally be a torus-, or genus-one fibration with a so-called multi-section [39]. Physically, this
reflects the presence of a gauged discrete abelian, i.e., Zn symmetry, which can be viewed as
the result of Higgsing a U(1) with charge n singlets [29,40–43]. Through duality to M-theory,
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Zn symmetries are shown to be related to the so-called Tate–Shafarevich group X [39, 44],
which plays a role in arithmetic geometry of elliptic fibrations. Though the full extend of the
interplay betweenX and Zn is not yet understood, the connection could possibly open up a
physics-motivated method to construct examples ofX, which unlike the Mordell–Weil group
is still quite mysterious in the mathematical literature.
Given the rich mathematical structures related to abelian symmetries in F-theory, these
notes will provide a more formal approach to the topic. After a brief introduction (section 2)
to F-theory, we will introduce in section 3 the Mordell–Weil group, the Shioda-map, and their
connection to U(1) symmetries in F-theory. There, we will also explain how these geometric
objects encode the global gauge group structure of F-theory. In section 4, we then turn to
discrete abelian symmetries and their dual descriptions in terms of multi-sections and torsional
cohomology. Finally, we reconnect these formal aspects to the original phenomenological
motivations by presenting in section 5 three F-theory constructions that realize the gauge
symmetry and the chiral spectrum of the Standard Model. With the clear emphasis on abelian
symmetries, many other detailed aspects of F-theory compactifications will be omitted or only
highlighted briefly in section 6. For a more comprehensive review of F-theory, we refer to
another set of TASI-lectures [45]. While these notes also include a detailed introduction to
abelian symmetries, our presentation offers some complementary perspectives and puts the
focus on some different aspects.
2 Basics of F-theory Compactifications
We will start with a brief recollection of F-theory compactification on elliptic fibrations, in
order to make these notes self-contained. For more details, we again refer to [45], and also to
other reviews [11,46].
To set the stage, we should first explain the central geometric object of F-theory, namely
an an elliptically fibered Calabi–Yau manifold. Such a space Yn ≡ Y is Ka¨hler manifold of
complex dimension n with trivial first Chern class, together with a surjective holomorphic
map pi : Yn → Bn−1 onto a Ka¨hler manifold Bn−1 ≡ B of complex dimension n − 1. The
preimage pi−1(p) of a generic point p ∈ Bn−1 is an elliptic curve with a marked point O, that
is, a complex manifold of dimension 1 which is isomorphic to a torus T 2 with a distinguished
origin. As one varies the point p along the base, the marked point O varies holomorphically
through Yn, which defines the so-called zero section σ0 : Bn−1 → Yn of the elliptic fibration.
Being a holomorphic map from the base B into the total space Y , its image defines a copy of
the base, sitting as a divisor (a complex codimension one variety) of Y .
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Any elliptic fibration can be described by a so-called Weierstrass model. This descrip-
tion embeds the fiber as a curve inside a weighted projective surface P231 with projective
coordinates [x : y : z] ∼= [λ2x : λ3y : λz], cut out by the Weierstrass equation
y2 = x3 + f x z4 + g z6 . (2.1)
By promoting f, g to functions over a base B, (2.1) then describes how the fiber varies over B,
i.e., models the fibration Y . The zero section σ0 is described by the intersection with z = 0,
marking the point O = [1 : 1 : 0] on each fiber. One consistency condition of F-theory is that
the elliptic fibration Y is a Calabi–Yau space. This is guaranteed, if the functions f and g are
holomorphic sections of the line bundles O(K−4B ) and O(K−6B ), respectively, where KB is the
canonical class of the base B.
Physically, the complex structure τ of every fiber pi−1(p) specifies the value of the type
IIB axio-dilaton τ = C0 +
i
gs
at p. At codimension one subspace of the base, defined by the
vanishing of the discriminant
∆ := 4 f3 + 27 g2 , (2.2)
the elliptic fiber degenerates, signaling the presence of spacetime filling 7-branes which back-
react onto τ . The resulting singularities encode the gauge dynamics of the 7-branes’ world
volume theory. An enhancement of the singularity in codimension 2 signals the presence of
matter states, while codimension 3 enhancements correspond to Yukawa couplings that are
realized perturbatively in the effective field theory. This set-up is summarized graphically in
figure 1. Note that in the type IIB picture, the torus fiber is merely a bookkeeping device for
the axio-dilaton. However, through duality to M-theory, the torus actually becomes part of
the physical compactification space.
Concretely, the duality relates F-theory theory in d = 12 − 2n dimension via a circle
reduction to M-theory in d− 1 [1, 47]:
F-theory on Yn × S1 ∼= M-theory on Yn . (2.3)
A large part of the geometry/physics dictionary of F-theory can be best understood through
this duality. However, the interesting F-theory physics is encoded in the singularities of Yn,
which does not allow for a direct analysis in M-theory. Instead, one first has to blow up the
singularities of Yn to obtain a smooth space on which we can dimensionally reduce M-theory.
The blow up procedure introduces finite sized P1s at the singularities in the fiber over the
discriminant locus {∆}. Over an irreducible component Σ of {∆}, the intersection pattern of
these resolution P1s form the affine Dynkin diagram of an Lie algebra gΣ, see figure 2.
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Figure 1: Elliptic fibration over a base B. While the fiber over the generic point (black dot)
is smooth, it degenerates over codimension one (blue dot) loci, which corresponds to locations
of 7-branes with a gauge symmetry. Intersections of 7-branes (green dot) form matter curves,
where the fiber singularity enhances, indicating charged matter. Over codimension three points
(red star), where matter curves intersect, further singularity enhancement signals Yukawa
couplings.
Wrapping M2-branes on these P1s give rise to the W-bosons of the gauge symmetry, which
after circle reduction are accompanied by a tower of massive Kaluza–Klein (KK) states. These
correspond to M2-branes which wrap, in addition to the P1s, the full torus fiber multiple times.
In codimension two, further singularities require small resolutions introducing additional P1s,
on which wrapped M2-branes give rise to matter states in representations R. In the smooth
phase of the geometry, these states as well as the W-bosons are massive.
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Figure 2: Blow-up resolution of singular fibers take the form of the affine Dynkin diagrams of
simple Lie algebras. Geometrically, each node represents a P1 component, with the multiplicity
indicated by the number. Each line is a intersection point between the attached P1s; multiple
lines correspond to higher intersection numbers. The node in red marks the so-called affine
node and is intersected by the zero section. This component of the fiber a pinched torus in
the singular limit. Note that for the diagrams (a) – (d), the number n corresponds to the
number of non-affine nodes. This is also the rank of the gauge group.
Only in the singular limit, where the P1s all shrink to zero size, all W-bosons and matter
states become massless. While the fibral P1-curves introduced by the resolution account for
(charged) W-bosons and matter states, the Cartan u(1) gauge fields of gΣ have a different
origin. By sweeping out each resolution P1 over the discriminant component Σ, we obtain
rank(gΣ) linearly independent divisors (complex codimension one subvarities) E
(Σ)
i of Yn.
Poincare´-duality implies that these divisors are in one-to-one correspondence to harmonic
(1, 1)-forms ω
(Σ)
i . Dimensionally reducing the M-theory 3-form, C3 =
∑
Σ,i ω
(Σ)
i ∧ A(Σ)i + ...,
along these harmonic forms give rise to vector fields A
(Σ)
i that uplift in the M-/F-duality to
the Cartan gauge fields of gΣ in the effective field theory of the F-theory compactification.
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The geometry matches the representation theory in the following way. For any holomorphic
curve Γ, M2-branes wrapping these give rise to (in general massive) particle states carrying
charges ci under the Cartan u(1)s given by
ci = Γ · E(Σ)i . (2.4)
If Γ is one of the fibral P1s in codimension one, then ci form the weight vectors of the simple
roots of g, i.e., the “charges vector” of W-bosons under the Cartan u(1)s. Fibral P1s localized
in codimension two can have intersection numbers with E
(Σ)
i which form weight vectors w of
other representations R.
3 u(1) Symmetries in F-theory
As we have just seen, vector fields—the physical degrees of freedom of a gauge field—arise from
dimensional reducing the M-theory C3-form along harmonic (1, 1)-forms ω dual to divisors D.
However, not all vector fields obtained this way remain massless when uplifting from M- to
F-theory. In fact, the masslessness condition require ω to have “one leg along the base and
one leg along the fiber” [10] of Yn, which eliminates divisors D = pi
−1(DB) pulled back from
the base Bn−1 as sources of u(1) symmetries. Since the vectors associated with exceptional
divisors are actually part of the full non-abelian gauge fields, the degrees of freedom of a
genuine u(1) symmetry has to come from somewhere else.
Indeed, there is a particular set of divisors that play a prominent role in the study of elliptic
fibrations, namely so-called sections. A section is a rational map s : Bn−1 → Yn from the base
into the total space of the fibration, which marks one point in each fiber: pi ◦ s = idB. This
defines a copy of the base Bn−1 inside of Yn, and hence a divisor. In fact, the Shioda–Tate–
Wazir theorem [48] states that in an elliptic fibration, up to linear equivalence the only divisors
other than pull-backs and exceptionals are sections. Explicitly, the rank of the Ne´ron–Severi
group NS(Yn) — the group of divisors modulo linear equivalence — is given by
rk(NS(Y )) = rk(NS(B))︸ ︷︷ ︸
pull-back
+
∑
S
rank(gS)︸ ︷︷ ︸
exceptional
+ 1 + rk(MW(Y ))︸ ︷︷ ︸
sections
, (3.1)
where we have used F-theory language to count the number of independent exceptional divisors
by the rank of the non-abelian gauge algebra. Note that the notation already indicates that
the sections form an abelian group “MW” which has finite rank. The structure of this so-called
Mordell–Weil group plays a central role in the discussion of u(1) symmetries in F-theory.
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3.1 The Mordell–Weil group of rational sections
The most intuitive way to see that sections form an abelian group is to map the elliptic fiber ft
to a torus T 2t
∼= C/Λt, where Λt is a two (real) dimensional lattice.1 Under this map, sections
map fiberwise to points on the fundamental domain of the torus T 2t , which is just a patch of
C. For points in C, there is a natural abelian group law given by simple addition. By mapping
the result of the addition back to the elliptic fiber, one obtains another section.
In this picture, we have implicitly agreed on a common zero element on each fiber ft,
which maps onto the origin of the quotient C/Λt for any t ∈ B.2 This common zero element
is itself a section, usually referred to as the zero section. One is in principle free to choose
the zero section, which does not change the arithmetic structure of the Mordell–Weil group.
However, as we will discuss later, there is non-trivial physical information associated with
this freedom to choose the zero section. In any case, with the choice of a zero section, one
can find the corresponding Weierstrass model (2.1), with the chosen zero section mapped to
σ0 : [x : y : z] = [1 : 1 : 0].
In the Weierstrass form, there is another geometric way of defining the group law of
sections. To do so, we again look at each fiber individually. In the z = 1 patch of P231, the
point marked by the zero section is the point O at infinity. The group law  is defined by
declaring that three points A,B,C ∈ E, which also lie on a straight line in the x-y-plane,
satisfy ABC = O. To add up two points, one has to take into account that a vertical line
will meet E at infinity, i.e., O. This geometric realization of the group law is depicted in figure
3. It is straightforward to check that  defined this way satisfies all properties (associativity,
commutativity, unique inverse element) necessary for an abelian group.
The above fiberwise construction can be extended across the whole base B of the elliptic
fibration Y . However, not every point on a fiber ft can be the image s(t) of a section s : B → Y .
Because s has to be a rational map, the Weierstrass coordinates [x : y : z] of s(t) must be
meromorphic functions on B. The arithmetic description of elliptic fibrations explains the
attribute “rational” more clearly. Namely, an elliptic fibration over B can be also viewed as an
elliptic curve over the function field K(B) of the base. Elements q ∈ K(B) are called rational
functions, because on any open patch of B they can be written as quotients q = p1p2 of global
sections of some line bundles; in a local chart, the pis can be written as polynomials in the local
coordinates. A section of the elliptic fibration is then a rational solution of the Weierstrass
equation (2.1), meaning there are xQ, yQ, zQ ∈ K(B) such that y2Q = x3Q + f xQ z4Q + g z6Q.
1These and other well-known properties of elliptic curves and fibrations can be found in standard text books,
e.g., [49, 50].
2More precisely, for any t up to codimension two loci of B.
9
AB
C
−C
C  (−C)O = O
AB  (−C) = O
Figure 3: Geometric construction of the Mordell–Weil group law. Each dashed line marks
three points on the elliptic curve (solid curve) that add up to zero under the group law. The
rational points A,B,C satisfy AB = C.
The abelian group constructed this way is called the Mordell–Weil group MW(Y ) of the
elliptic fibration Y . By the famous Mordell–Weil theorem, this group is finitely generated:
MW(Y ) = Z⊕r ⊕ Zk1 ...⊕ Zkt . (3.2)
The rank of the Mordell–Weil group is the number r of independent free generators. By the
Shioda–Tate–Wazir theorem (3.1) these are the only independent divisors in addition to the
exceptional and pull-back divisors. They are to be distinguished from torsional generators τki ,
for which there is a (minimal) positive integer ki such that σ0 = τki ...τki (ki times), where
σ0 is the zero section. The divisor classes of these sections are linearly dependent with other
divisors, and we will come back to the physical implication of this fact in a moment. Note
that in (3.1), the contribution of sections to the Ne´ron–Severi rank was 1 + r. This is due to
the nature of the zero section, which is an independent section, but—as it is the neutral group
element—does not contribute to the rank of the Mordell–Weil group.
3.1.1 Example: The U(1)-restricted Tate model
Before we move on, let us look at a simple example from the F-theory literature of an elliptic
fibration with non-trivial Mordell–Weil group. This so-called U(1)-restricted Tate model was
first introduced in [10] and given by the equation
y2 + a1 x y z + a3 y z
3 = x3 + a2 x
2 z2 + a4 x z
4 , (3.3)
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where [x : y : z] are homogenous coordinates of P231, and ai are sections of the line bundles
K
⊗(−i)
B . In addition to the zero section [x : y : z] = [1 : 1 : 0], there is now also an
additional rational section at [x : y : z] = [0 : 0 : 1]. Note that the equation (3.3) is not in
Weierstrass form! For that, one has to perform a birational transformation, which also shifts
the coordinates of the fiber ambient space. The resulting Weierstrass functions are
f =
a1 a3
2
+ a4 − 1
48
(a21 + 4 a2)
2 ,
g =
1
864
(
(a21 + 4 a2)
3 + 216 a23 − 36 (a21 + 4 a2) (a1 a3 + 2 a4)
)
.
(3.4)
The corresponding Weierstrass equation (2.1) then has the rational solution
[xQ : yQ : zQ] =
[
a21 + 4 a2
12
:
a3
2
: 1
]
. (3.5)
For generic choices of coefficients ai, this rational section generates the Mordell–Weil group
Z. However, we can tune the model such that the sections becomes 2-torsional, i.e., the
Mordell–Weil group is Z2. This is achieved by setting a3 ≡ 0 globally. How do we see that
this turns the section into an element of order two? To answer that, first observe that with this
tuning, the y-coordinate of the section (3.5) becomes 0 everywhere. This means that in every
fiber (up to higher codimension), the rational point has a vertical tangent in the x-y-plane,
because the (smooth) cubic y2 = x3 + f x+ g has infinite slope at y = 0.3 However, a vertical
tangent at the point Q precisely means QQ O = O ⇔ QQ = O under the group law,
cf. figure 4, implying that the section an element of order two in the Mordell–Weil group.
Likewise, one could also imagine tuning the rational section to sit at a point of inflection on
the generic fiber, which under the group law constitutes an element of order three. Thus, the
Mordell–Weil group in this case would be Z3.
In physical terms, this kind of complex structure deformation correspond to a gauge en-
hancement (sometimes also called unHiggsing) of the u(1) into a non-abelian algebra. To
understand this statement, we first have to discuss how exactly the information contained by
the Mordell–Weil group is mapped into physical data about gauge symmetries.
3.2 The Shioda map
Recall that by the Shioda–Tate–Wazir theorem (3.1), the number of independent divisors that
do not arise from exceptional or pull-back divisors is 1 + rk(MW). The divisor class Z of the
zero section is dual to the Kaluza–Klein u(1) that arises in the circle compactification of the
3Taking the total derivative in the x-y-plane for the Weierstrass equation yields 2 y dy = (3x2 + f) dx.
Because the elliptic curve is smooth by assumption (it is the generic fiber), y and 3x2 + f cannot vanish
simultaneously. This means however, that dy/dx = (3x2 + f)/2y diverges at y = 0.
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Q−R
RQ3
−Q3
Q2
QQ = R
Q3 Q3 = −Q3
Q2 Q2 = O
Figure 4: A 2-torsional point Q2 on an elliptic curve has to have a vertical tangent. A
3-torsional point Q3 is a point of inflection.
F-/M-theory duality. Heuristically, one can then identify a (free) MW-generator σ as the
dual divisors of u(1) gauge symmetries in F-theory. However, to properly specify the massless
vector field which furnishes these u(1)s, the dual divisor class ϕ(σ) has to satisfy the following
consistency conditions:
(1) ϕ(σ) · f = 0 ,
(2) ϕ(σ) · CB = 0 ,
(3) ϕ(σ) · P1i = 0 .
(3.6)
The first condition, imposing vanishing intersection number of ϕ(σ) with the generic fiber f,
ensures that all Kaluza–Klein tower states in M-theory that originate from the same states in
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F-theory have the same u(1) charge under ϕ(σ). The second condition, imposing vanishing
intersection number with any curve CB in the base, ensures that there are no axionic gaugings
of the u(1) which would lead to a mass term. The first two conditions are the mathematical
description of ϕ(σ) having “one leg along the fiber and one along the base” [10]. Finally,
the third condition, imposing vanishing intersection with the fibers of exceptional divisors,
ensures that no W-boson of the non-abelian gauge symmetries is charged under the u(1).
These conditions are a consequence of the general formula for u(1) charges of matter states
coming from M2-branes wrapping a holomorphic curve Γ, which similar to the case of Cartan
u(1)s (2.4) now reads
q = Γ · ϕ(σ) . (3.7)
Given a section σ, these three conditions determine ϕ(σ) up to an overall normalization.
Remarkably, the same conditions have been considered in the mathematics literature [51,52],
which leads to the so-called Shioda map. This map associates a unique divisor class ϕ(σ) to
a section σ compatible with the Mordell–Weil group law (i.e., it is a group homomorphism
MW(Y )
ϕ−→ NS(Y )):
ϕ(σ1  σ2) = ϕ(σ1) + ϕ(σ2) . (3.8)
One can fix the normalization by requiring ϕ(σ) = S + ..., where S = [σ] is the divisor class
of the section. Then the map takes the form
ϕ(σ) = S − Z − pi((S − Z) · Z) +
∑
k
λk Ek . (3.9)
Here, the term pi((S−Z) ·Z) is the projection of the 4-cycle class [(S−Z)∩Z] to a divisor on
the base B, and guarantees condition (2) in (3.6). Its explicit form depends on the geometry,
but for the purpose of these notes, it suffices to say that this term is a divisor pulled-back
from the base, which does not intersect any fibral curves, hence does not contribute to the
charges of states.4
In the following, we will focus on the term λk Ek, which has some interesting physical
implications. Recall that the exceptional divisors Ek are P1 fibrations over a codimension one
locus W ⊂ B. Wrapping the fiber component P1k of Ek with M2-branes gives rise to the gauge
bosons of the non-abelian gauge algebra g over W . As they carry weights of the simple roots
−αk of g, their intersection matrix Ei ·P1j = −Cij is the negative Cartan matrix of g.5 In order
4 However, the volume of the divisor in the base encodes information about the gauge coupling of the u(1),
and is important in the recent geometric proof that u(1) symmetries cannot be strongly coupled in 6D [53].
5 If g =
⊕
l gl is a sum of simple algebras, then the Cartan matrix is the block-diagonal matrix formed by
the Cartan matrices of gl.
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to ensure that the gauge bosons of g are not charged under the U(1), i.e., to satisfy condition
(3) in (3.6), the coefficients λk can be explicitly determined to be
λk =
∑
l
((S − Z) · Pl) (C−1)lk . (3.10)
These coefficients depend on the different intersection structure between the sections S and
Z with the fiber components of the exceptional divisors. In general, they will be fractional
numbers, since it involves the inverse Cartan matrix C−1. As a consequence, λk ∈ 1NZ for all
k, where N depends on g and the “fiber split type” [24] given by the numbers (S − Z) · P1l .6
But importantly, it is always finite and can be chosen to be minimal, i.e., the numerators of
all λk have greatest common divisor 1.
3.2.1 The Shioda map as a lattice embedding
In this short section, we briefly review the original mathematical work [51,52] that motivated
the Shioda map. As the details are not immediately relevant for the rest of the notes, it can
be safely skipped.
The original motivation of Shioda to introduce the map (3.9) was to identify the Mordell–
Weil group as a “sublattice” of the Ne´ron–Severi group. More precisely, in the arithmetic
description of elliptic curves, there is a so-called height pairing (see, e.g., [49]) defined on the
Mordell–Weil group,
〈·, ·〉 : MW×MW −→ R , (3.11)
which induces a lattice structure on MW/Tors(MW), where Tors(MW) denotes the torsion
part of Mordell–Weil.
On the other hand, for an elliptic surface, there is also a natural “algebraic” pairing of
sections given by the intersection product, which defines the lattice structure on the Ne´ron–
Severi group. Shioda showed that the two different pairings can be identified, by embedding
the Mordell–Weil group into the Ne´ron–Severi lattice. However, the embedding cannot be
injective, because the Mordell–Weil group has torsion whereas the Ne´ron–Severi group does
not. This is remedied by considering the quotient NS/T , where T is generated by the zero
section Z, all pull-back divisors DB and all exceptional divisors Ei. Note that these are
precisely the divisors dual to the curves which must have intersection number 0 with the
Shioda map (3.6)!
6It is called “fiber split”, because these numbers encodes how the section σ intersects the codimension one
fiber P1s differently than the zero section.
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With this sublattice T , Shioda proved the isomorphism
MW(Y ) ∼= NS(Y )/T , (3.12)
For the proof, he introduced the map ϕ to “split” this isomorphism:
NS(Y ) = Im(ϕ)⊕⊥ T , (3.13)
where ⊕⊥ indicates that the two summands are orthogonal with respect to the intersection
pairing. Because ϕ(Tors(MW)) = 0, it identifies, as promised, a sublattice of NS(Y ) with
Im(ϕ) = MW/Tors(MW).
Crucially, the map (3.9)—with the normalization set to 1—satisfies the identity
〈σ1, σ2〉 = −ϕ(σ1) · ϕ(σ2) . (3.14)
In other words, the arithmetic pairing 〈·, ·〉 defines the same lattice on the Mordell–Weil group
as the algebraic (intersection) pairing on Im(ϕ). Clearly, this identification would be spoiled
by a rescaling of the Shioda map (3.9).
The same identification can be generalized to higher dimensions. However, the height
pairing must now be modified to map onto the divisor group of the base B of the fibration [48].
Likewise, the intersection product ϕ(σ1) · ϕ(σ2) is now a 4-cycle, which can also be pushed-
down onto the base to give rise to a divisor. Then, one can again identify the two resulting
pairings via the Shioda map with normalization 1.
As we will see now, this lattice structure of the Mordell–Weil group manifest itself in the
physics of F-theory compactifications in terms of the global gauge group structure.
3.3 The global gauge group of F-theory
So far, we have only mentioned the gauge algebra of the F-theory compactification. The
reason is that in general, the gauge group need not to be the naive simply connected Lie
group associated with the algebra. Rather, it takes the form
U(1)r ×G∏r
i=1 Zmi ×
∏t
j=1 Zkj
. (3.15)
This notation means that each discrete Zn factor is a subgroup of U(1)r×G which acts trivially
on any matter representation. In F-theory, the information about the global structure of the
gauge group is encoded in the Shioda-map (3.9), or more precisely, in the coefficients λi (3.10)
[54, 55]. In anticipation of the result, we have already separated in (3.15) the contributions
Zmi of the free Mordell–Weil generators from those of torsional generators Zkj . Because each
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factor is independent of the others, we will restrict our discussion below to cases with a single
generating section, and refer to [55] for examples with multiple Mordell–Weil generators.
First, recall that matter states in F-theory arise from M2-branes wrapping curve compo-
nents Γ of reducible fibers in codimension two. Since these curves are integral in homology
(they are irreducible holomorphic subvarieties of the total space), their intersection numbers
with any integral divisor, in particular the exceptional “Cartan” divisors and the sections,
must be integral as well. This implies that the intersection number of Γ with the Shioda
divisor (3.9) must satisfy
ϕ(σ) · Γ−
∑
k
λk Ek · Γ = (S − Z) · Γ ∈ Z . (3.16)
Recall that Γ corresponds to a weight w of a representation R of the non-abelian gauge algebra
g, which in the Dynkin basis is a vector with entries wk = Ek ·Γ, k = 1, ...rank(g). Therefore,
the condition (3.16) relates the non-abelian representation of Γ with the intersection number
ϕ(σ) · Γ.
To see the physical relevance of this condition, we differentiate between the cases where
the section σ is generator of the torsional or the free part of the Mordell–Weil group. In case
σ is n-torsional, the homomorphism property (3.8) implies
nϕ(σ) = ϕ(σ  ... σ︸ ︷︷ ︸
×n
) = ϕ(0) = 0 . (3.17)
But because the divisor group is torsion free, we must have ϕ(σ) = 0. In this case, the
integrality condition (3.16) simply becomes:
σ torsional :
∑
k
λk wk ∈ Z . (3.18)
If σ is a generator of the free part of Mordell–Weil, then the divisor ϕ(σ) is dual to the massless
u(1) gauge field, and ϕ(σ) ·Γ is the charge of the state on Γ. Thus, the condition now becomes
σ free : qσ −
∑
k
λk wk ∈ Z . (3.19)
The significance of these two conditions, which have also been noted in [56] in a different
context, are hidden in the coefficients λk. As we will see now, these coefficients are related to
the center of the non-abelian gauge symmetry. More precisely, they define an element in the
center Z(G), where G is the simply connected Lie group with algebra g.
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3.3.1 Center of the non-abelian gauge symmetry
The crucial property of the λk for constructing the center is the non-integral part of the sum∑
k λk wk, which is the same for any state in the same representation R of g. In other words,
we can define a fractional number between 0 and 1 via
L(R) =
∑
k
λk wk mod Z , w ∈ R , (3.20)
which is independent of the choice w and only depends on the representation R of g. To see
this, we use the basic fact that two weights w,v ∈ R differ by an integer linear combination
µi αi of the simple roots αi of g. Geometrically, this means that the two fibral curves Γw, Γv
differ by a linear combination of the codimension one fibral P1s:
v = w +
∑
i
µi αi ⇔ Γv = Γw +
∑
i
µi P
1
i , µi ∈ Z . (3.21)
Plugging in the explicit formula (3.10) for λk as well as the relationship Ek · Pi = −Cki, we
obtain
∑
k
λk vk =
∑
k
(∑
l
((S − Z) · Pl︸ ︷︷ ︸
=:tl∈Z
)(C−1)lk
)
Ek · Γv
=
∑
k
∑
l
tl (C
−1)lk
(
Ek · Γw −
∑
i
µiCki
)
=
∑
k
λk wk +
∑
l
tl µl︸ ︷︷ ︸
∈Z
,
(3.22)
which shows that (3.20) is well-defined.
One essential feature of the fractional number L(R) is that N × L(R) ∈ Z for any rep-
resentation R. The integer N arises from taking the inverse Cartan matrix for defining λk,
and depends on the fiber split type. For example, if g = su(m), then N is divisor of m; for
g = e6/7/8, N is 1 or 3/2/1, respectively
Having established that, we can now construct an element of the center of G, the unique
simply connected Lie group with algebra g. To do so, we define its action in each representation
R of g via
w 7→ Cw := [exp(2pi iL(R))× 1R] w , (3.23)
where w is any weight of R, i.e., any basis vector of the representation space of R. It can be
shown that this action really is the exponentiation of a linear action of a Lie algebra element
17
in the representation R. Furthermore, it is evident that C, being proportional to the unit
element, commutes with all elements of G, thus it lies in the center Z(G). Finally, because N
clears the denominator of L(R) for all representations, we have CN = 1. Since by assumption,
N is chosen to be the smallest integer such that N × L ∈ Z, it means that C generates an
order N subgroup, i.e., a ZN ⊂ Z(G).
3.3.2 Action of the center on F-theory representations
So far, we have used the explicit form (3.10) of the coefficients λk to construct the a ZN
subgroup of the center Z(G) associated with a Mordell–Weil generator (free or torsional) σ.
However, the coefficients λk also satisfy the integrality condition (3.16) [54].
For a torsional section σ, the resulting constraint (3.18) implies immediately the integrality
of L(R) (3.20). As a result, we see that the action (3.23) of the center generated by C must
be trivial on any representation R that is realized in the F-theory geometry! This means that
the gauge group is not G, but G/〈C〉 ∼= G/ZN .
In case the section σ is a free Mordell–Weil generator, we have to slightly modify the cen-
tral element C (3.23). First, because σ gives rise to a u(1), we need to consider representations
of the group U(1)×G. These are specified, in addition to the non-abelian representation Rg,
by the charge q. However, because U(1) only has one-dimensional (irreducible) representa-
tions, the representation space of (q,Rg)—being the tensor product of the two representa-
tions q and Rg—is isomorphic to the representation space of Rg. The action of an element
(exp(2pi i α), g) ∈ U(1)×G is then given by
(q,Rg) ∼= Rg 3 w 7→
[
e2pi i q α ⊗ ρ(g)]w = e2pi i q α × (ρ(g) w) , (3.24)
where ρ(g) is the Rg-representation of g.
With this short interlude, we now define a central element C˜ of U(1)×G via its action on
representation spaces (q,Rg):
w 7→ C˜w := [e2pi i q ⊗ exp(−2pi iL(Rg))× 1Rg] w
= exp (2pi i [q − L(Rg)]) w .
(3.25)
Again, C˜ is obviously in the center, because it commutes with any element of U(1) × G.
Furthermore, we recall that the U(1) charge q is also at most N -fractional, because the only
non-integer contributions it can receive come again from the coefficients λk in the Shioda map
(3.9). This means that C˜N = 1, and hence 〈C〉 ∼= ZN ⊂ U(1)×G. Finally, we see the result
of the integrality condition (3.19), which implies q − L(Rg) ∈ Z. Therefore, similar to the
torsional case, we arrive at the conclusion that C˜ must act trivially on all representations that
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are realized geometrically in F-theory. In other words, the global structure of the gauge group
is
U(1)×G
〈C˜〉
∼= U(1)×G
ZN
. (3.26)
It should be noted that recently a “magnetically” dual derivation of the gauge group
structure has been presented by identifying the so-called cocharacter lattice with a sublattice
of the fourth homology group. An explanation of this intricate result is beyond the scope of
these lectures, and we refer the interested reader to the original publication [57].
3.3.3 Example: Standard Model gauge group in F-theory
The above rather formal discussion has direct relevance for F-theory model building, because
it is believed that the Standard Model gauge group has a non-trivial global gauge group
structure:
GSM =
SU(3)× SU(2)× U(1)
Z6
. (3.27)
It turns out that this structure is naturally realized in toric F-theory constructions of the
Standard Model [29, 36]. The simplest of these constructions is a given by a hypersurface,
whose elliptic fiber is embedded into a toric surface, which described by one of the 16 reflexive
2D polygons. Explicitly, the hypersurface polynomial reads
p = s1e
2
1e
2
2e3e
4
4u
3 + s2e1e
2
2e
2
3e
2
4u
2v + s3e
2
2e
3
3uv
2 + s5e
2
1e2e
3
4u
2w + s6e1e2e3e4uvw + s9e1vw
2 ,
(3.28)
where the si are sections of various line bundles over the base. The toric divisors, i.e., the
vanishing loci of the coordinates (u, v, w) and ei, restrict to various exceptional divisors and
rational sections, which give rise to the Standard Model gauge symmetries when compactifying
F-theory on Y = {p = 0}. Specifically, the Cartan divisor of the su(2) is (the restriction
of) the divisor E
su(2)
1 := [e1], whereas the su(3) Cartans are the divisors E
su(3)
1 := [e2] and
E
su(3)
2 := [u]. Meanwhile, it is easy to check that the toric divisors [v] and [e4] restrict to
rational sections on the hypersurface,
σ0 = {p = 0} ∩ {v = 0} : [u : v : w : e1 : e2 : e3 : e4] = [1 : 0 : s1 : 1 : 1 : −s5 : 1] ,
σ1 = {p = 0} ∩ {e4 = 0} : [u : v : w : e1 : e2 : e3 : e4] = [s9 : 1 : 1 : −s3 : 1 : 1 : 0] ,
(3.29)
of which we chose to identify the zero section with σ0. Note that we have used some of the
projective scalings to set certain coordinates to 1.
One immediately sees that the zero section σ0 does not intersect either of the Cartan
divisors, since their coordinates are set to 1 in (3.29). On the other hand, the section σ1
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intersects the P1-fibers of the su(3) divisor [u] and the su(2) divisor [e1]. This means that the
coefficients λk (3.10) in the Shioda map of σ1 give rise to the following divisor dual to the
u(1):
ϕ(σ1) = [σ1]− [σ0] + 1
2
[e1] +
1
3
([e2] + 2[u]) +DB , (3.30)
where the pull-back part DB is the projection term in (3.9) that is irrelevant for our discussion.
Note that the smallest common denominator of the Shioda map is 6, hence the corresponding
central element is of order 6. In fact, this is the full center of the non-abelian part of the
gauge group: Z(SU(3) × SU(2)) = Z(SU(3)) × Z(SU(2)) = Z3 × Z2 = Z6. Following the
above discussions, this discrete group is identified with a subgroup of the U(1), such that the
global gauge group of the F-theory compactification on the hypersurface (3.28) is precisely
the Standard Model gauge group
SU(3)× SU(2)× U(1)
Z6
. (3.31)
3.3.4 The global gauge group as charge constraint and swampland criterion
In the derivation of the global gauge group of F-theory, the key feature is the integrality condi-
tion (3.19), which on its own is a condition on the u(1) charges of non-abelian representations.
In fact, the global gauge group structure is nothing else than such a set of conditions. For
example, the Standard Model gauge group structure (3.27) simply means that states in the
(3,1) representation have U(1) charge 13 mod Z, while (1,2) states have charge
1
2 mod Z.
Meanwhile, bifundamentals have charge 16 mod Z, and SU(3) × SU(2) singlets have integral
charges.
Field theoretically, statements about u(1) charges like these are of course only sensible if
one specifies the normalization of the u(1). From that point of view, the only relevant fact is
that u(1) charges are quantized, and the exact unit of charge quanta is unphysical. However, in
F-theory there is a natural charge quantization, which is inherited from the lattice structure of
the Mordell–Weil group, see the discussion of section 3.2.1. Because in F-theory, matter states
arise from holomorphic curves whose intersection numbers with the Shioda divisor gives the
charge, the charge quantization of F-theory is naturally given by the fact that also holomorphic
curves form a lattice.7 Note that in the normalization ϕ(σ) = 1× [σ] + ... of the Shioda map
(3.9), the charge quantization is not necessarily in terms of integers. In fact, we have argued
above that the fractional charges of matter in non-trivial non-abelian representations have
7 Concretely, the lattice is the second homology H2(Y,Z) with integer coefficients. A representative in there
is an integer linear combination of irreducible curves which can be wrapped by M2-branes (possibly multiple
times). The coefficients have to be integral because an M2-brane cannot wrap a fraction of an irreducible curve.
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important physical consequences. However, the analysis also shows that in this normalization,
the u(1)σ charges associated with a free Mordell–Weil generator σ of any matter representation
(qσ,R) under u(1)× g satisfy (3.19):8
q(R) = L(R) mod Z . (3.32)
From this, one immediately arrives at the conclusion that for two matte representations
(qσ,R1), (q˜σ,R2) one has
R1 = R2 =⇒ qσ − q˜σ ∈ Z . (3.33)
We claim that this statement is non-trivial in the sense that not all consistent quantum
field theories satisfy it. Phrased differently, it is a criterion that can be used to distinguish low
energy limits of string theory from the “swampland” [59, 60], i.e., consistent QFTs without a
consistent UV completion including gravity. However, the statement can only be made with
a reference to a chosen normalization of the u(1), which for our argument is determined by
the Shioda map (3.9). Since the normalization is unphysical, a valid question is if there is
any way to test this condition from a purely field theoretic perspective. After all, as long as
the charges are quantized, one can always rescale the u(1) such that the charge differences
between any matter representations are integral. Therefore, we first some kind of “measure
stick” to establish the geometrically preferred normalization in terms of the Shioda map from
just field theory data.
We proposed in [55] that non-abelian singlet states provide such measure sticks. The
reason is that, first of all, the charges of such states in F-theory are always integral in the
geometrically preferred normalization, cf. (3.32). Furthermore, it was conjectured in [19] and
subsequently observed in all explicitly constructed models, that charges of massless singlets—
again measured in with the Shioda map (3.9)—span the full integer lattice Zr, where r is the
rank of the Mordell–Weil group, i.e., the number of independent u(1)s. Any change of the
normalization (i.e., a non-unimodular transformation on the r u(1)s) would not preserve this
property. Therefore, one can determine from a purely field theoretic perspective the correct
charge normalization by inspecting the charge lattice of spanned by the singlets.
Assuming the validity of the conjecture, we can demonstrate that the condition (3.33)
is stronger than the pure field theory consistency conditions of anomaly cancellation, which
are particularly strong for 6D supergravity theories [61, 62]. However, we can come up with
8 The connection between the coefficients λi of the Shioda map and the distribution of u(1) charges has
been noticed and classified for specific examples in [24, 28, 56, 58], although without relating it to the global
gauge group structure or exploring its consequences as a possible swampland criterion.
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an anomaly free 6D theory with no tensor multiplets, which nevertheless violates the charge
condition (3.33):
gauge algebra : su(2)× u(1) ,
massless spectrum : (10× 30) ⊕ (64× 2 1
2
) ⊕ (8× 21) ⊕ (24× 11) ⊕ (79× 10) .
(3.34)
If one rescaled the u(1) normalization by 2, then the charges of su(2) doublets would satisfy
(3.33), but this would violate the conjecture that the charges of singlets span Z.
3.4 Gauge enhancement and higher index representations
From the physics perspective, one can imagine unHiggsing, i.e., enhancing one or several u(1)
symmetries into a non-abelian gauge algebra. The geometric description of that phenomenon
corresponds to placing the rational sections on special positions on the generic fiber [19, 32,
40,54,63,64].
We have already seen one such example in section 3.1.1 in form of the U(1)-restricted Tate
model:
f =
a1 a3
2
+ a4 − 1
48
(a21 + 4 a2)
2 ,
g =
1
864
(
(a21 + 4 a2)
3 + 216 a23 − 36 (a21 + 4 a2) (a1 a3 + 2 a4)
)
.
(3.35)
The elliptic fibration has a section with coordinates (3.5) generating a rank 1 Mordell–Weil
group. This changes when we set a3 = 0 globally which, as argued in section 3.1.1, turns the
section to be 2-torsional. As a consequence, the discriminant of the Weierstrass model (3.35)
factorizes:
∆ = 4 f3 + 27 g2
a3=0−→ 1
16
a24
(
4 a4 −
(
a2 +
a21
4
))
. (3.36)
This indicates the presence of an su(2) gauge algebra over {a4 = 0}, to which the u(1) has been
enhanced. Physically, one can also understand this as reversing a Higgs mechanism, in which
the non-abelian algebra is broken to its Cartan subalgebra by giving vev to a hypermultiplet
in the adjoint representation. Furthermore, we also know from the previous discussion that
the Mordell–Weil group being Z2 implies that the full non-abelian gauge group is SO(3) =
SU(2)/Z2. This is also reflected by looking at the codimension singular fibers of the tuned
geometry, which does not give rise to any fundamental representations of the su(2). This
example of unHiggsing has already been studied in [54]. More intricate examples of gauge
enhancement by tuning sections to become torsional have been analyzed in [64].
Another way of geometrically altering the Mordell–Weil group is to collide two independent
sections, i.e., to tune them such that they sit on top of each other. For the restricted Tate
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model (3.35), such a deformation is not possible, because the only independent sections are
the zero section at [x : y : z] = [1 : 1 : 0] and the generating section (3.5), and the z-coordinate
of the latter cannot be tuned to zero. However, the so-called Morrison–Park model [19], which
in some sense is the prototype of F-theory models with u(1)s, can be geometrically unhiggsed
this way. The Weierstrass functions of this model are given by
f = c1 c3 − 1
3
c22 − b2 c0 ,
g = −c0 c23 +
1
3
c1 c2 c3 − 2
27
c32 +
2
3
b2 c0 c2 − 1
4
b2 c21 ,
(3.37)
with the generating rational section at
[x : y : z] =
[
c23 −
2
3
b2 c2 : −c33 + b2 c2 c3 −
1
2
b4 c1 : b
]
. (3.38)
One sees immediately that tuning the coefficient b to 0 identifies this section with the zero
section. Physically, this enhances the u(1) again to an su(2) algebra. Unlike the previous
unHiggsing example via Mordell–Weil torsion, this enhanced model has gauge group SU(2).
Consistently, the spectrum now also contains doublet states.
In this example, the u(1) model to begin with had singlets with charge 1 and 2. By
enhancing the abelian symmetry into an su(2), the charge 1 and 2 states become 2 resp. 3
representations. i.e., the u(1) charges are mapped directly onto the Cartan charges of the
non-abelian representations. Repeating the same tuning process for a u(1) model with charge
3 singlets, it was able to construct an F-theory model with the three-index symmetric repre-
sentation, i.e., the 4 of su(2) [63, 65]. Going beyond rank 1, one can also enhance a model
with u(1)2 model and charge (2, 2) singlets into an SU(3) theory with the two-index sym-
metric representation 6 by colliding all three independent sections [32]. However, these two
examples are so far the only two explicit F-theory realizations of higher index symmetric mat-
ter representations. Recently, a u(1) model with charge 4 singlets has been constructed [66],
but a similar attempt of gauge enhancement led to a larger gauge group with higher charge
adjoints instead of the 5 representation of su(2). It seems there is some arguments in terms
of the fiber structure of F-theory that forbids this and other higher index representations in
F-theory, at least in terms of Kodaira fibers [65]. On the other hand, given that F-theory
is dual to heterotic string theory, where it has been known for a long time how to engineer
higher representations on orbifolds, there must be some dual description also in terms of el-
liptic fibrations. Recently, it has been argued that such constructions, at least in 6D, are
likely to always involve non-minimal singularities [67,68], and hence not excluded by the other
arguments. However, it remains an open question how to systematically construct F-theory
models where one can explicitly show the presence of higher index representations.
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4 Discrete Abelian Symmetries in F-theory
At the end of the previous section, we have discussed gauge enhancing u(1) symmetries into
non-abelian ones, and presented the geometric description in terms of colliding multiple ra-
tional sections. The resulting elliptic fibration has a smaller Mordell–Weil group (concretely,
the rank is lower), but has additional exceptional divisors in codimension one. The other
direction, namely Higgsing the u(1) to a discrete subgroup, is an equally interesting question.
It turns out that to fully understand the process in F-theory, one has to go beyond elliptically
fibered geometries and allow fibrations without rational sections.
4.1 Discrete symmetries in field theory
In order to know what physical features of discrete symmetries we need to find in a geometric
description, we shall first briefly review the field theoretic description of discrete abelian
symmetries and their origin in terms of a broken u(1). More details of this discussion can
found in any standard textbook (e.g., [69]), and here we will focus only on the relevant parts.
Let us begin with a comples scalar field φ with charge n ∈ N under a u(1) gauge field A.
The kinetic term of this scalar field in the Lagrangian is
L ⊃ DµφDµφ = (∂µφ+ i nAµ φ) (∂µφ¯− i nAµ φ¯) . (4.1)
By giving a vacuum expectation value (vev) v = 〈φ〉 to φ, i.e., φ = 1√
2
(v + h) ei c, the kinetic
term gives rise to the so-called Stu¨ckelberg Lagrangian:
(Dφ)2
〈φ〉−→ v
2
2
(∂c+ nA)2 + ... . (4.2)
The real part h of the perturbations of φ around the vev would corresponds to the Higgs
boson, which is not part of the massless spectrum and will be hence ignored in the subsequent
discussion. The scalar c on the other hand is the massless Goldstone boson, and furthermore
enjoys a shift symmetry c ∼= c + 2pi, simply because it is a phase which is only defined up to
a periodic identification. Scalar fields with shift symmetry are usually called axions. In the
case of the Stu¨ckelberg axion, its shift symmetry is gauged by the u(1) symmetry. Namely,
the Lagrangian (4.2) is invariant under
A→ A+ ∂α , c→ c− nα . (4.3)
In representation theory, c furnishes a so-called affine, or non-linear representation of u(1).
Abstractly, whenever there are degrees of freedom transforming non-linearly under a symmetry
transformation, this symmetry is said to be spontaneously broken. In the case of the u(1) gauge
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symmetry, a more physical way to see the breaking is to exploit the transformation (4.3) to
completely gauge away the axion in (4.2) (α = c/n), yielding a mass term for the vector field
with mass m2 = n2v2/2. In the context of the Higgs mechanism, this effect is often referred
to as the Goldstones being “eaten” by the massive gauge bosons.
While the mass term makes the spontaneous symmetry breaking mechanism physically
very intuitive, the abstract classification via linearly vs. non-linearly realized transformations
explains very easily why there is still a discrete part of the u(1) symmetry left intact. Namely,
whenever N 3 n > 1, a subset of transformations (4.3) with α = 2pi kn , where k ∈ Z, act trivially
(and, hence, linearly) on c because of the shift symmetry c ∼= c + 2pi! The corresponding
subgroup of the U(1) is exp(i α), i.e., Zn. Other matter fields that were originally charged
under the u(1) now transform non-trivially under this discrete subgroup. One can assign a
representation to them, which is just the u(1) charge mod n. An important physical implication
of such discrete symmetries is that they can forbid Yukawa couplings in 4D. Thus, they provide
a very attractive way to construct selection rules without having to introduce exotic gauge
bosons, since the gauge bosons responsible for this symmetry are rendered massive.
4.2 Geometric description of discrete symmetries in M-theory
To describe non-abelian symmetries geometrically, we have to remind ourselves that the geo-
metric phase of F-theory is described via duality to M-theory. Thus, it seems to be natural
to first understand discrete symmetries in M-theory.
There, it is known [10, 70] that massive u(1) gauge fields A, correspond to expansions of
the M-theory three-form C3 along non-harmonic two-forms of the compactification space Y .
Concretely, we have:
dω2 = n η3 . (4.4)
To consistently incorporate this relation in the low energy physics, we must include η3 in the
Kaluza–Klein expansion,
C3 = A ∧ ω2 + c η3 + ... . (4.5)
Then, the dimensional reduction of the kinetic term dC3 ∧ ∗dC3 in 11D precisely yields the
Stu¨ckelberg mass term (4.2). For n 6= 0, 1, the non-harmonic forms (4.4) give rise to a non-
trivial torsion class in integer cohomology
η3 ∈ Tors
(
H3(Y,Z)
)
. (4.6)
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The corresponding discrete symmetry uplifts directly to F-theory via the M-/F-theory duality
[39,40,71].
One practical problem with torsional cohomology is that it is notoriously hard to detect
in a given geometry. However, there is another geometric consequence of discrete symmetries
which is more tractable. This arises from having massless matter states which are only charged
under the discrete symmetry, i.e., the massive u(1) field A. These arise in M-theory from
M2-branes wrapping collapsed 2-cycles Γ inside the Calabi–Yau Y , which cannot be blown-
up while keeping the manifold Y a Ka¨hler space [39, 72]. Field theoretically, this means
that one cannot give a mass to these states in M-theory on Y by going onto the Coulomb
branch without breaking supersymmetry. Hence, if we restrict ourselves to supersymmetric
compactifications, i.e., internal spaces Y which are Calabi–Yau manifolds, we necessarily have
to have “terminal singularities” (such that cannot be blown-up in a Ka¨hler manifold) on Y .
Terminal singularities can oftentimes be detected straightforwardly on a given manifold, and
have been recently studied carefully on Calabi–Yau threefolds, together with their enumeration
in terms of 6D anomalies in F-theory [73]. There is however still a drawback of using terminal
singularities to detect Zn symmetries, since they only signal the presence of matter charged
under a massive vector field, but neither its charge nor the remnant discrete symmetry of the
field theory can be determined.
It turns out that the most convenient description of an F-theory model with discrete
symmetry is a manifold Y that neither has torsion nor terminal singularities. In fact, it is not
even elliptically fibered. Rather, the manifold Y is a genus-one fibration with so-called multi-
sections. We will explain in the following how these spaces differ from elliptic fibrations, and
how these differences can circumvent terminal singularities, allowing an easy way to determine
the matter charges under the discrete abelian symmetry. The crucial insight here will be that
discrete symmetries in F-theory does not necessary imply discrete symmetries in the dual
M-theory.
4.3 F-theory on genus-one fibrations
As has been extensively discussed in recent works [29,39–44,71,74–76], F-theory can be defined
on a Calabi–Yau space Y that is torus fibered over a Ka¨hler base B, but has no rational section,
that is, it is not elliptically fibered. We will follow the nomenclature that has been established
in the literature and call these genus-one fibrations. In genus-one fibrations, there always
exists a minimal n ∈ N such that there is a divisor s(n) of Y which is an n-fold cover over B.
Because such a divisor intersects the generic torus fiber n times, it is oftentimes called a n- or
multi-section. In this setting, a rational section would be a 1-section. The difference between
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the two is that a section marks a single point on the generic fiber, hence can be thought as
a map from the base into the total space of the fibration. An n-section on the other hand
associates a collection {pl}l≤n of n points on the fiber over a single point. If one singles out
one of these points p1 and traces its movement along the fibers as one continuously moves
the point in the base, then one observes that for certain closed paths in the base, i.e., where
one ends up in the same fiber, the marked point becomes one of the other n points, say p2.
For a rational section in an elliptic fibration, this can never happen. For genus-one fibrations
however, only a collection of n points can be invariant under such monodromy actions. In
figure 5, we have illustrated a bisection and put it in contrast to an ordinary 1-section. As we
will explain now, these geometries provide a different, but physically equivalent description of
discrete abelian symmetries in F-theory.
pi
pi pi
B
Figure 5: A rational or 1-section (red) intersects each fiber of a genus-one fibration pi : Y → B
exactly once. A bi- or 2-section (blue) intersects each fiber in two points. Globally there is a
monodromy exchanging these two points.
Like the case of elliptic fibrations, the geometry itself only has a direct interpretation in
M-theory. For our purposes, we need to identify the M-theory compactification as a circle
reduction of a theory, which by definition is the F-theory on Y. As a circle reduction, M-
theory on Y necessarily needs to have a massless u(1) which accounts for the Kaluza–Klein
u(1). In this case, it is provided by the divisor class of the multi-section s(n). However, as
already mentioned before, the genus-one fibration Y is in general smooth and has no torsional
cohomology. This begs the question how the discrete symmetries, which are clearly absent in
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the M-theory compactification on Y, manifest themselves in F-theory on Y.
The subtleties lie in the process of circle compactification. Concretely, when compactifying
a field theory with a vector field A in F = M + 1 dimensions on an S1, one can turn on a flux
along the circle,
ξ =
∫
S1
A . (4.7)
If the vector field is associated with an unbroken gauge symmetry in F dimensions, ξ is referred
to as a holonomy, and parametrizes a gauge transformation when encircling the S1 once. For
a continuous symmetry with algebra g, ξ is a continuous parameter taking value in the Cartan
subalgebra of g, which, if non-zero, breaks the gauge symmetry to a rank(g) = r subalgebra
of g. Generically, this is simply the Cartan subalgebra u(1)r. Geometrically, changing the
values of ξ continuously changes the sizes of the fibral P1 components of codimension one and
two reducible fibers.9 In that sense, different ξ’s define different manifolds, which however are
connected by continuous deformations.
However, for a discrete Zn symmetry with a massive gauge field A in F dimensions, the
allowed holonomies are discrete. Hence, we do not expect that the compactified theories in M
dimensions with different values of ξ are connected continuously. Indeed, the picture that has
emerged over the last few years is that both multi-section geometries Y and elliptic fibrations
Y with torsional cohomology and terminal singularities can describe the same F-theory in F
dimensions. Their apparent difference is reflecting different choices of the discrete holonomy
ξ when we compactify on a circle to go down to M-theory.
If the holonomy is trivial, then the discrete symmetry descends straightforwardly to M
dimensions. This is the situation when we compactify M-theory on an elliptic fibration with
torsional cohomology. The zero section of the fibration gives rise to the KK-u(1), and the
torsional cohomology encodes the Zn symmetry. On the other hand, if the holonomy is
non-trivial, it turns out that the Kaluza–Klein reduction along the fluxes S1 gives rise to a
kinetic mixing term between the KK-u(1) and the massive u(1)m in the Lagrangian for the M -
dimensional theory [41,43,44]. As a result, the true massless u(1) in M -dimensions is a linear
combination of the KK-u(1) and the massive vector field. This massless linear combination is
the u(1) which is dual to the divisor class of the multi-section, when we compactify M-theory
on a genus-one fibration Y.
In fact, there is some deep mathematics associated with this physics description. As noted
in [39], we can associate to any genus-one fibration Y an elliptic fibration Y with the same base,
9 More precisely, the parameter ξ are coordinates on the Coulomb branch of the theory in M dimensions.
Geometrically, it corresponds to the extended Ka¨hler cone of the Calabi–Yau.
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which has the same discriminant locus, i.e., they encode the same 7-brane configuration in the
base B. Y is the so-called Jacobian fibration associated with Y, sometimes denoted as Y =
J(Y). It turns out that the existence of genus-one fibrations of the same dimension and with the
same discriminant locus as an elliptic fibration Y is closely related to the torsional cohomology
of Y , i.e., discrete symmetries in M- and F-theory. It has been proven for threefolds Y with no
reducible fibers in codimension one that the torsional cohomology is encoded in the so-called
Tate–Shafarevich group [77],
Tors
(
H3(Y,Z)
) ∼=X(Y ) . (4.8)
This group, whose precise definition is beyond the scope of these notes, appears in the arith-
metic geometry of elliptic and genus-one fibrations. The key property of X(Y ) is however,
that its element are genus-one fibrations Y whose Jacobian are Y . In other words, the Tate–
Shafarevich group is the collection of different M-theory vacua, whose F-theory uplift are
equivalent, namely a field theory with X(Y ) = Zn gauge symmetry. Moreover, the order n
of the discrete symmetry is the minimal integer for which there exists a multi-section of that
degree.
In practice, explicit construction of the Tate–Shafarevich group in the F-theory literature
have only gone as high as n = 3. For n = 2, it is obvious that the geometries Y and Y, where
Y has a 2- or bisection, are different elements ofX(Y ). However, the important observation
of [44] is that elements ofX(Y ) are in general specified by more than just a geometry. This
becomes crucial in the case of n = 3, where the two non-trivial elements ofX(Y ) = Z3 both
share the same underlying geometry Y, which has a tri-section, but differ by these additional,
more subtle data.10 An interesting question would be to analyze if for higher n, also the
underlying geometry can differ between different non-trivial elements of X(Y ). The natural
candidate would be a model with n = 4, for which there exists an explicit construction of a
genus-one fibration with a four-section [78, 79]. It is unclear at this point however, if there
might be one or more geometrically non-isomorphic genus-one fibration that form the full
X(Y ) = Z4 group.
4.3.1 Discretely charged matter in genus-one fibrations
We have claimed earlier that it is easier to read off the discrete gauge symmetry as well as
matter charges under it in a genus-one fibration Y, than in its Jacobian Y . The order n of
the discrete symmetry, as already seen earlier, corresponds to the minimal degrees of multi-
sections in Y. Concerning the matter states, we analyze the fiber of Y over the codimension
10These data, among others, include the specification of a map f : Y → Y = J(Y), which can be defined in
two different ways in caseX(Y ) = Z3.
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two loci of B, where the Jacobian fibration Y had terminal singularities. The justification
is that, since both encode the same 7-brane configuration, the charged matter have to be
localized at the same points of the type IIB compactification space B.
It turns out that in Y, there are no terminal singularities in these fibers. Instead, the fibers
are of Kodaira-type I2, meaning it consists of two P1s intersecting each other transversely in
two points. The important observation is that the n-section will now intersect each component
non-trivially:
s(n) · P1a = k ,
s(n) · P1b = n− k .
(4.9)
To interpret this physically, recall that the u(1) dual to the n-section is a linear combination
of the KK and the massive u(1)m. Concretely, it is [41, 43,44]
u(1)(n) = n u(1)KK − u(1)m . (4.10)
For states uncharged under the discrete symmetry, i.e., under the massive u(1)m, the intersec-
tion number with the n-section is just n-times the KK-charge. For u(1)m-charged states, the
KK-charge is shifted, and now deviates from being a multiple of n. These are now precisely
the case for the states on the P1s satisfying (4.9). Moreover, note that by just measuring
the u(1)(n) charge, we can only determine the u(1)m charge up to multiples of n. This is of
course consistent with the fact that the actual gauge symmetry is Zn, i.e., the charges are only
defined mod n. The upshot is that we now have an easy way of determining the Zn charge:
it is simply the intersection number of the fibral curve with the n-section, taken modulo n.
In (4.9), the states would thus have chargers k and −k, which consistently form a charge
conjugate pair.
When we include non-abelian gauge algebras via reducible fibers in codimension one, then
one obtains additional, independent divisors corresponding to the Cartan divisors Ei. Because
a multi-section has several “prongs” that can intersect several P1 fibers of different exceptional
divisors Ei, the non-abelian W-bosons would be charged under the discrete symmetry. To
remedy this, one can, similar to the case of massless u(1)s, define a Shioda-like divisor,
ϕ(s(n)) = [s(n)] +
∑
i,j
s(n) · P1i (C−1)ijEj , (4.11)
where C−1 is again the inverse Cartan matrix of the non-abelian gauge algebra g. Because of
the appearance of the inverse Cartan matrix, the charges obtained by computing intersection
numbers with ϕ(s(n)) are in general fractional. The interpretation in terms of a discrete charge
actually means, that the discrete symmetry is enhanced by an order m subgroup of the center
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of g to Zn·m [42]. However, a similar analysis to the case of u(1)s show that in this situation,
there is also a non-trivial charge constraint which induces a non-trivial global gauge group
structure of the form [38]
G× Zn·m
Zm
. (4.12)
Now, if n and m are coprime, then the “Chinese remainder theorem” (Zn·m ∼= Zn×Zm) leads
to a cancellation of the enhancing Zm factor, effectively leading to the “naive” global gauge
group G×Zn. This “accidental” cancellation allowed for a somewhat careless treatment of the
discrete charges in early phenomenologically motivated F-theory constructions of SU(5)×Z2
models [43, 74]. However, later examples with su(2) algebras [29, 38] precisely show such an
enhancement of the discrete symmetry to a Z4, even though the genus-one fibration had a
2-section.
4.4 Geometric description of Higgsing
Even though we have motivated the study of discrete symmetries via the Higgs mechanism
at the begin of this section, we have not yet discussed how this process manifest itself in
F-theory. In particular, can we understand the different M-theory vacua, whose geometry
differ so significantly, as coming from a single F-theory model with u(1), for which there
does not seem to be any ambiguities in terms of geometric characterization? The subtlety is
that already in the F-theory model with u(1), there were strictly speaking several geometries
which differed in M-theory only in their massive spectrum, but not the gauge symmetry. For
simplicity, let us look at an example with n = 2. The subtleties that arise for n = 3 are
explained in [44].
4.4.1 Higgsing in the Weierstrass model
The u(1) phase of this story is the Morrison–Park model, whose Weierstrass model we have
already written down above (see (3.37)). This theory has a charge 2 singlet, which is geomet-
rically realized as an I2 fiber at b = c3 = 0. Furthermore, there are also charge 1 singlets,
again realized as I2 fibers at a different codimension two locus (described by a non-complete
intersection V (I) of a complicated ideal I).
Now, the Higgs mechanism is described geometrically via a generalized conifold transition
[80–82]. In order to obtain a Z2 from the u(1), we therefore first blow-down the P1 component
not intersected by the zero section over the locus b = c3 = 0, and subsequently deform the
geometry to smooth out the singularity. The smoothing process is described via a complex
structure deformation b2 → 4c4 in the Weierstrass equations (3.37). As explained in detail
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in [71], the blow-down process inevitably also shrinks a P1 component over the other locus
V (I) which hosts the charge 1 singlets. But the singularity created in this way is not deformed
away through the complex structure deformation. This way, the resulting geometry Y , even
though it is still elliptically fibered, now has terminal singularities, sitting precisely at the
locus where charge 1 matter states are localized, which now turn into the charged singlets of
the Z2. A more careful analysis [71] then also reveals the presence of Z2 torsional cohomology,
confirming the discrete symmetry in M-theory on Y .
4.4.2 Higgsing in the toric hypersurface
As shown in [19], the same u(1) theory can be described by a toric hypersurface XT ,
w2 + bw v2 = c0 u
4 + c1 u
3 v + c2 u
2 v2 + c3 u v
3 , (4.13)
where the coordinates [u : v : w] are those of a weighted projective space P112, and the
coefficients b and ci are functions over the base B of the fibration, which is the same as
the base of the Weierstrass model XW , given by (3.37). This hypersurface has two rational
sections, given by the intersection points with u = 0:
σ0 : [u : v : w] = [0 : 1 : 0] ,
σ1 : [u : v : w] = [0 : 1 : −b .]
(4.14)
Note that this fibration also has I2 fibers over b = c3 = 0 and V (I), giving rise to matter
charged under the u(1) in F-theory. When we pass over to the Weierstrass model XW , we
identify the section σ0 with the zero section. However this map is only a birational equivalence,
meaning that XW and XT can differ in codimension two and higher. In this case, the difference
is in the Ka¨hler and Mori cone structures, i.e., the possibilities how one can shrink and blow-up
curves without violating the Calabi–Yau condition of the space.
For the toric hypersurface, the conifold transition that gives a vev to the charge 2 singlets
again requires to blow-down a fiber component over b = c3 = 0 and subsequently deforming
away the resulting singularities via b2 → 4c4. However, because of the different Ka¨hler and
Mori cone structures, the blow-down now does not affect the fibers over V (I) [71]. Con-
sequently, there are no terminal singularities in these fibers after the deformation, which
produces a genus-one fibration Y.
To see the genus-one nature explicitly, we have to make a coordinate redefinition w =
w˜− 12b v2, which modifies the left-hand side of (4.13) to w˜2− 14 b v4. Then, the complex structure
deformation b2 → 4c4, with c4 a generic non-square polynomial, yields a new hypersurface,
w˜2 = c0 u
4 + c1 u
3 v + c2 u
2 v2 + c3 u v
3 + c4 v
4 , (4.15)
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which does not exhibit any rational section. However, it does have a bisection, given by the
intersection of u = 0, which marks in any fiber the two points which are roots of the quadratic
equation w˜ = c4 v
2.11
Finally, let us remark that the two different geometries XW and XT for the u(1) theory
are connected to each other via a continuous Ka¨hler deformation. However, this connection
involves a so-called “flop” transition: at some point of the continuous deformation, a curve
shrinks to zero size, thus creating a singularity. This singularity is then resolved by blowing
up a different curve. Physically, the deformation parameter is related to the flux, or holonomy,
of the u(1) gauge field along the circle in the reduction from F- to M-theory, which before
the Higgsing is a continuous parameter. The two configurations corresponding to either the
blown-down phase of XW or XT can be thought of as two special values for the u(1) holonomy.
Only at these two special values is the complex structure deformation b2 → 4c4 accessible.
However, once we turn on this deformation, then the curves whose volumes changed with the
flux parameter are gone from the geometry. As a consequence, the flux is “frozen” to these
particular values. Physically, these two situations are of course precisely the two distinct
possibilities of the Z2 holonomy, which are now no longer connected continuously in the M-
theory moduli space. In geometry, we observe these now as the two elements Y and Y of the
Tate–Shafarevich groupX(Y ) = Z2.
5 Application: Global Particle Physics Models
One of the major physical motivation for studying abelian symmetries in F-theory is their
importance for particle phenomenology. While u(1) symmetries feature prominently in the
Standard Model as the hypercharge, discrete symmetries provide a minimally invasive exten-
sion that can serve as a selection rule. In the following, we will present three examples, each
realizing the Standard Model gauge algebra, but with a different extension. The significance
of these models is that they are all globally defined models, i.e., the full compact Calabi–
Yau space can be specified. This is to be distinguished from the early day F-theory model
building attempts, which were more restricted to local constructions of GUT models. One
significant advantage over the local treatment is that it is possible to determine consistent G4-
flux configurations that generate a chiral spectrum.12 Indeed, for all three examples, explicit
configurations with low numbers or no chiral exotics have been found.
11Note that v = 0 equally defines a bisection that is in the same class as u = 0. In fact, it is not hard to show
using the Riemann–Roch theorem that there are in general n different n-sections with the same divisor class.
12We have collected some basic facts about G4-fluxes in F-theory in appendix A. For a more comprehensive
discussion, see [45].
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5.1 The minimalistic example
The most natural example is of course to realize just the Standard Model gauge group [36].
The elliptic fibration for that has already been presented in section 3.3.3. There, we have
focused on the rational sections and the codimension one singular fibers, which gave rise to
the exact Standard Model gauge group
GSM =
SU(3)× SU(2)× U(1)
Z6
. (5.1)
By inspecting the codimension two enhancement, we find that this F-theory model contains the
same representations as the Standard Model, which we collect together with their geometric
loci in table 1.
Representation Locus SM-matter
(3,2)1/6 {s3 = s9 = 0} left-handed quarks Q
(1,2)−1/2 {s3 = s2s25 + s1(s1s9 − s5s6) = 0} lepton L and Higgs H doublets
(3,1)−2/3 {s5 = s9 = 0} right-handed up-quark u¯
(3,1)1/3 {s9 = s3s25 + s6(s1s6 − s2s5) = 0} right-handed down-quark d¯
(1,1)1 {s1 = s5 = 0} right-handed electron e
Table 1: Charged matter representations under su(3)× su(2)× u(1) and corresponding codi-
mension two loci of the minimalistic example.
To specify a concrete model, one has to specify the base B as well as the divisor classes of
the coefficients si. As demonstrated in [36], for the simplest choice of base, namely B = P3,
one can find configurations that have consistent G4-flux vacua that leads to the precise chiral
Standard Model spectrum, namely three chiral families for each of the matter representations
listed in table 1.
A drawback of this model is the lack of selection rules which forbid certain R-parity
violating Yukawa couplings, which can generate problematic interactions which are constrained
by today’s experiments. For example, because the Higgs and the lepton doublet have the same
quantum numbers under the Standard Model, they have to be localized on the same locus in
this F-theory model. As a consequence, it is hard to come up with a mechanism that generates
an order one top Yukawa coupling QHu¯, but suppresses the coupling QLu¯ which contributes
to proton decay.
To remedy this problem, phenomenologists have come up with various approaches. One of
them is to introduce an additional gauged u(1) symmetry, such as U(1)B−L or Peccei–Quinn
symmetry. Therefore, it is also interesting to look at potential F-theory realizations of such
extensions to the Standard Model.
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5.2 F-theory models with su(3)× su(2)× u(1)2 symmetry
In order to geometrically engineer a model with two u(1)s, the elliptic fibration needs to have
three independent rational sections. Such an example is provided by a toric hypersurface
where the fiber is embedded inside the surface Bl2P2, that is P2 (with coordinates [u : v : w])
blown-up at two points (by s0 and s1) [22,23,25,26,31]. The hypersurface polynomial is
vw(c1ws1 + c2 vs0) + u(b0 v
2s20 + b1 vws0s1 + b2w
2s21) + u
2(d0 vs
2
0s1 + d1ws0s
2
1 + d2 us
2
0s
2
1) ,
(5.2)
where the coefficients bi, cj , dk are again some holomorphic functions over the base. The three
rational sections are given by the intersection of the hypersurface (5.2) with the three toric
divisors of the fiber ambient space:
σ0 = {s0} : [u : v : w : s0 : s1] = [−c1 : b2 : 1 : 0 : 1] ,
σ1 = {s1} : [u : v : w : s0 : s1] = [−c2 : 1 : b0 : 1 : 0] ,
σ2 = {u} : [u : v : w : s0 : s1] = [0 : 1 : 1 : −c1 : c2] .
(5.3)
The non-abelian part of the Standard Model gauge algebra is engineered via toric methods
(so-called “tops” [83,84]). In this case, we obtain five inequivalent tops that realize su(3)×su(2)
in codimension one of the elliptic fibration (5.2) [85]. Furthermore, in each such top, we
have the freedom of identifying the hypercharge u(1) with a linear combination of the two
geometrically realized u(1)s; the orthogonal combination then serves as the selection rule. All
such identifications compatible with the geometric spectrum have been listed in [85], together
with the possible dimension four and five operators of the Standard Model, which are and are
not forbidden by the selection rule.
Again, one can attempt to find flux configurations that realize the chiral spectrum of the
Standard Model. For this fibration however, there is additional complexity arising from the
fact that there are now additional matter curves which have the same representation under
the Standard Model group, but differ by the charge under the selection rule u(1). Thus, there
can be some ambiguity as to how to identify the geometrically realized states with those of
the Standard Model. Due to these ambiguities, it is tricky to find flux solutions that do not
produce any chiral exotics. With the techniques presented in [37], the realization closest to
the Standard Model spectrum is for a fibration over B = Bl1P3 and contains one chiral exotic
pair of triplets and four singlets charged only under the selection rule u(1). In this realization,
the u(1) is of Peccei–Quinn type, i.e, the Higgs-up and -down doublet are charged differently.
While the selection rule does forbid certain dimension four operators, there are still some
problematic ones left. For example, the charge assignments are such that the Higgs-down
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and the lepton doublets have the same charges under the selection rule. Therefore, any
Higgs Yukawa coupling of down-type quarks also lead to lepton- and baryon-number violating
operators involving two quarks and a lepton. Furthermore, the selection rule u(1) remains
massless even in the presence of flux, and would need a different mechanism to lift the photons
from the massless spectrum or to decouple them from the visible sector.
To circumvent these issues, one can instead use a discrete symmetry as selection rule. As
we will show now, such F-theory models can be constructed together with flux solutions that
produce no chiral exotics, and with no problematic dimension four operators.
5.3 An F-theory realization of matter parity
As a final example of F-theory model building, we present a construction of the Standard
Model with matter parity extension [38]. The technology for that only became available with
the understanding of multi-section geometries.
In the previous section, we have discussed how a single abelian discrete gauge factor can
be described in F-theory by a genus-one fibration. However, for the Standard Model, we also
need a u(1), which naively requires the existence of rational sections. One possible way to
reconcile the two is to consider elliptic fibrations that have non-trivial Mordell–Weil groups and
torsional cohomology. However, the presence of terminal singularities there would then make
the description of G4-fluxes, at least in our current understanding, impossible. Fortunately, it
was realized in [29,56] that one can also use genus-one fibrations that have multiple independent
n-section classes. In that case, they give rise in the dual M-theory compactification to multiple
massless u(1)s, only one of which has to be identified with the linear combination of KK- and
the massive u(1). The remaining u(1)s then can be uplifted to genuinely massless u(1)s in
F-theory.
With realistic particle physics in mind, the simplest such fibration is again a toric hyper-
surface with fiber in a P1 × P1 ambient space whose coordinates are [x : t] × [y : s]. In the
defining polynomial,
(b1 y
2 + b2 s y + b3 s
2)x2 + (b5 y
2 + b6 s y + b7 s
2)x t+ (b8 y
2 + b9 s y + b10 s
2) t2 , (5.4)
the two independent bisection classes are defined by the intersections with {x = 0} and
{y = 0}. By choice, one identifies the KK/massive u(1) with the divisor class [x]. Then,
the linear combination [y] − [x] + pi(([y] − [x]) · [x]), where the last term—the projection of
the 4-cycle ([y]− [x]) · [x] to the base—ensures the proper uplift to F-theory (compare to the
Shioda map (3.9) in the case of rational sections). Note that because the gauge symmetry is
now u(1) × Z2, there is no ambiguity in the identification of the hypercharge. However, by
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identifying the Z2 symmetry as matter parity, there are two conventions of charge assignments
which are physically equivalent (see [38] and references therein). Essentially, they differ by
whether the left-handed quarks are charged odd or even under the Z2.
When we introduce the non-abelian gauge part with toric methods, we obtain the following
geometrically realized spectrum:
(3,2)( 1
6
,−) , 3(− 2
3
,+) , 3(− 2
3
,−) , 3( 1
3
,+) , 3( 1
3
,−) ,
2(− 1
2
,+) , 2(− 1
2
,−) , 1(1,+) , 1(1,−) , 1(0,−) .
(5.5)
Because there is only one bifundamental state, its Z2 charge fixes the convention for the matter
parity charges: all Standard Model fermions, i.e., the left-handed leptons and right-handed
quarks and electrons must have odd Z2 charge. The most phenomenologically appealing G4
configuration therefore should induce chirality χ = 3 for these states, whereas those states with
even parity should have vanishing χ. Indeed, as demonstrated in [38], one can find, already
on the simplest base B = P3, multiple such configurations. These examples are the first F-
theory constructions that reproduce the Standard Model spectrum at the chiral level, and has
no problematic dimension four operators due to the presence of the matter parity selection
rule. As a final remark, note that this model also includes a singlet uncharged under the
Standard Model gauge group, but is odd under parity. Because it is a real representation, there
cannot be any chirality associated with it (which is also ensured geometrically, see [38,43,74]).
Phenomenologically, it can be identified with right-handed neutrinos.
While the above models have the correct chiral spectrum, we cannot make a statement
about the spectrum of vector-like pairs. Since the Higgs doublets in the MSSM are vector-like,
it would be interesting to apply the methods of [86,87] to these models to obtain more realistic
F-theory models of particle physics.
6 Other Aspects of Abelian Symmetries in F-theory
In these notes, we have primarily focused on the particle physics applications of abelian gauge
symmetries in F-theory. But of course, this does not do justice to the significant efforts that
address other formal questions and applications. In this last section, we will summarize and
highlight some of the recent developments orthogonal to the model building aspect of abelian
symmetries.
Anomalies and the Swampland
One active subject can be motivated by the question about the upper bound of u(1) charges in
F-theory. At the moment, explicit constructions have realized qmax = 4 [66], and it has been
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recently conjecture [88]—based on matrix factorization techniques and duality to type II [89]—
that the upper bound is 6. As shown in [90], there is no pure field theoretic arguments that
would forbid higher charge states. Hence, this conjecture can be interpreted as a swampland
criterion, similar to the charge constraint (3.32) related to the global gauge group structure.
The field theory arguments are based anomaly considerations, which are very stringent in
6D supergravity theories. When we compactify F-theory to 4D, the anomaly conditions also
depend on the G4-flux, which have a geometric description, but are not “geometrized” by the
elliptic fibration, i.e., the configuration needs to be specified in addition to the fibration (see
appendix A). However, one can reverse the logic and use anomaly cancellation to constrain
the geometry of fourfolds. Indeed, following the initial work [91], it has been subsequently
realized that a geometric reformulation of 4D gauge anomaly cancellation leads to certain
geometric properties, which appear to be satisfied for all explicit model constructed so far
in the literature [87, 92–94]. Moreover, it has also been observed that discrete anomalies—in
particular chiral anomalies associated with Zn symmetries—of the 4D effective field theory
are intimately related to the quantization condition of G4 [37, 38, 74]. So far though, there is
no proof of these observations.
Heterotic duality and mirror symmetry
While we have extensively used the duality to M-theory to explain the physics of F-theory
compactifications, we have not touched upon the duality to the heterotic string [1–3]. Under
this duality, the fate of abelian symmetries on the heterotic side has been recently studied
in [95] and [96] (for continuous and discrete symmetries, respectively). At a technical level, the
analysis relied on a toric description of the so-called stable degeneration limit, which identifies
the dual heterotic geometry and the gauge bundle data.
In the toric set-up, one stumbles across a surprising connection between abelian symmetries
and mirror symmetry. Concretely, consider a genus-one fibration Y whose torus fibers f are
embedded into a toric ambient space A. One can then consider a fibration Y ′ whose fibration
is fibers f′ are mirror dual to f, and hence embedded into a toric ambient space A′ that is the
dual to A. It was first observed in [29] that if Y has torsional Mordell–Weil group Zn, then
the “fiber-mirror-dual” model Y ′ is a genus-one fibration with an n-section. For F-theory pur-
poses, one might therefore say that “fiber-mirror-symmetry” exchanges Mordell–Weil torsion
with Tate–Shafarevich group. This observation has been since further strengthened [79, 96].
However, there are a few mirror dual pairs which do not seem to fit into this pattern. To un-
derstand these examples, as well as a clearer physical picture of the phenomenon, additional
efforts would be required.
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Abelian symmetries in 6D SCFTs
One of the recent achievements of F-theory is the classification of 6D N = (1, 0) superconfor-
mal field theories (SCFTs) [97,98] using the geometry of elliptic fibrations (see [99] for a recent
review). Within this classification, only non-abelian gauge symmetries appear. While this is
consistent with field theory considerations, it was not until recently [53] that it was understood
how gauged u(1)s in compact F-theory geometries become global symmetries upon decoupling
gravity. Geometrically, the decoupling limit is where one takes the base B to infinite volume.
In [53], it was shown that in this limit, the gauge coupling associated with the u(1) always
approaches zero, thus explaining the global nature of the symmetry.
In this context, discrete symmetries are much less understood. For one, the geometric
incarnation of the gauge coupling for such a symmetry has not been explored yet. However,
there are some evidence that discrete symmetries are important to distinguish certain strongly
coupled sectors [100]. In these examples, the geometry are genus-one fibrations over compact
bases which have so-called “multiple fibers” over singular points of the base. Resolving these
singularities reveal that the strongly coupled sector have additional singlets compared to mod-
els without multiple fibers (but singular points in base) [101]. In the genus-one fibration, one
can readily see that these singlets are charged only under the discrete symmetry related to the
multi-section. It would be interesting to analyze the decompactification limit of these models
and explore if genus-one fibrations could add something new to the classification of 6D SCFTs.
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A Gauge Fluxes and Chiral Spectra in F-theory
While gauge fluxes are not directly related to abelian symmetries in F-theory, both of them
are of global nature. It is therefore not surprising that most of the work concerning global
descriptions of gauge fluxes arose as an effort parallel to the understanding of u(1)s [14, 17,
25, 37, 38, 43, 74, 80, 81, 86, 87, 91, 93, 94, 102–105]. Because fluxes are an essential part of the
examples presented in section 5, it seems appropriate to include a brief introduction to the
topic of fluxes, although we will have to refer to the review [45] for more details and also
appropriate references.
A.1 Geometric description of gauge fluxes via duality to M-theory
Our understanding of gauge fluxes arise from the M-/F-theory duality. In M-theory compact-
ified on a fourfold Y , on can turn on a background profile of the 3-form potential C3 on the
internal space. Its field strength G4 = dC3 is then a closed 4-form, i.e., can be described by
a cohomology form in H4(Y ). To preserve spacetime supersymmetry, the 4-form has to lie
in H2,2(Y ) ⊂ H4(Y ). Under the assumption of the Hodge conjecture, such forms are always
Poincare´-dual to algebraic 4-cycles.
A subset of algebraic 4-cycles are linear combinations of intersection products of divisors.
These span a subspace of H2,2, called the primary vertical (2, 2)-forms, or just vertical fluxes.
While there are other types of fluxes (the “horizontal” and the “remainder” pieces of H2,2),
the vertical ones are usually the only part relevant for the computation of the chiral spectrum
in F-theory. Now we have seen in section 3 that the set of divisors of an elliptic fibration
is completely captured by the Shioda–Tate–Wazir theorem (3.1). Likewise, it is conjectured
that the same holds on genus-one fibrations by replacing the sections with independent multi-
sections [39]. Hence, given an explicit global model for which we know the full gauge symmetry,
we can also systematically determine all vertical fluxes. It is worth noting that the geometric
description of fluxes in terms of 4-cycles is only possible on a smooth fourfold. This means
in particular that for F-theory models with discrete symmetries, a flux and chirality analysis
with known methods is only possible on the associated multi-section geometry, whereas for
the Jacobian fibration with its terminal singularities, new set of computational tools would be
required.
So far, we have described fluxes in the M-theory set-up. In order for them to uplift to
F-theory, they have to satisfy some additional constraints. The first set are the so-called
transversality conditions, which in terms of the 4-cycle class [G4] of the flux can be phrased
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via intersection numbers:
[G4] ·D(1)B ·D(2)B = [G4] ·D(3)B · Z . (A.1)
Here, D
(i)
B are any divisors pulled-back from the base B. Meanwhile, Z denotes the divisor class
of the embedding of the base into the full fibration; for an elliptic fibration this is simply the
class of the zero section. For a genus-one fibration, this is the class of the multi-section which
is chosen as the divisor giving rise to the Kaluza–Klein u(1), see section 4. Furthermore, in
the presence of non-abelian gauge symmetries, a flux will generically break it unless it satisfies
[G4] · Ei ·DB = 0 , (A.2)
for any pull-back divisor DB and any exceptional divisor Ei.
Finally, the flux has to satisfy the so-called quantization condition
G4 +
1
2
c2(Y ) ∈ H2,2(Y,Z) = H2,2(Y ) ∩H4(Y,Z) , (A.3)
where c2(Y ) is the second Chern class of the tangent bundle of Y . This condition is notori-
ously difficult to check explicitly. However, it has interesting consequences regarding certain
topological quantities. For example, a properly quantized flux must lead to an integer M2-
/D3-tadpole
nD3 =
χe(Y )
24
− 1
2
∫
Y
G4 ∧G4 , (A.4)
with χe the Euler number. Furthermore, it has been observed recently that discrete anomalies
such as Witten’s SU(2) anomaly or chiral anomalies of discrete symmetries are canceled if
and only if the flux are properly quantized.
A.2 Matter surfaces and chiral spectra
To compute the chiral spectrum, we also need a geometric object associated with each matter
representation in F-theory. These are the so-called matter surfaces γR, which are obtained
by fibering codimension two fiber components ΓR carrying weights of a representation R over
the corresponding curve CR on the base (recall that the base B in this case is a threefold):
Γ γR
CR
. (A.5)
As the name suggest, γR is complex surface, which is an algebraic 4-cycle that in almost all
explicit examples turn out to be vertical. Given a G4-flux and its dual 4-cycle class [G4], the
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chiral index of matter in representation R is computed as
χ(R) =
∫
γR
G4 = [G4] · [γR] , (A.6)
where · denotes the intersection product on the fourfold.
With suitable computational methods, the intersection number (A.6) can be reduced to
intersection numbers of divisors in the base. For the examples presented in section 5, these
led to a general formula for the chiral indices of all matter representations which capture the
full dependence on flux parameters and the fibration data over any base. By varying these
data and the choice of base B of the fibration, one can then systematically scan for flux
configurations that lead to desirable spectra.
Going beyond the chiral spectrum, it is also possible to determine the spectrum of vector-
like pairs. To determine these, however, requires more sophisticated methods and mathemat-
ical background, which have only been developed recently [86, 93]. We again refer to [45] for
more details.
References
[1] C. Vafa, Evidence for F theory, Nucl. Phys. B469 (1996) 403–418, [hep-th/9602022].
(Pages 3, 5, and 38.)
[2] D. R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau threefolds. 1,
Nucl. Phys. B473 (1996) 74–92, [hep-th/9602114]. (Pages 3 and 38.)
[3] D. R. Morrison and C. Vafa, Compactifications of F theory on Calabi-Yau threefolds.
2., Nucl. Phys. B476 (1996) 437–469, [hep-th/9603161]. (Pages 3 and 38.)
[4] R. Donagi and M. Wijnholt, Higgs Bundles and UV Completion in F-Theory,
Commun. Math. Phys. 326 (2014) 287–327, [0904.1218]. (Page 3.)
[5] J. Marsano, N. Saulina and S. Scha¨fer-Nameki, F-theory Compactifications for
Supersymmetric GUTs, JHEP 08 (2009) 030, [0904.3932]. (Page 3.)
[6] J. Marsano, N. Saulina and S. Scha¨fer-Nameki, Monodromies, Fluxes, and Compact
Three-Generation F-theory GUTs, JHEP 08 (2009) 046, [0906.4672]. (Page 3.)
[7] R. Blumenhagen, T. W. Grimm, B. Jurke and T. Weigand, Global F-theory GUTs,
Nucl. Phys. B829 (2010) 325–369, [0908.1784]. (Page 3.)
42
[8] J. Marsano, N. Saulina and S. Scha¨fer-Nameki, Compact F-theory GUTs with U(1)
(PQ), JHEP 04 (2010) 095, [0912.0272]. (Page 3.)
[9] M. Cveticˇ, I. Garcia-Etxebarria and J. Halverson, Global F-theory Models: Instantons
and Gauge Dynamics, JHEP 01 (2011) 073, [1003.5337]. (Page 3.)
[10] T. W. Grimm and T. Weigand, On Abelian Gauge Symmetries and Proton Decay in
Global F-theory GUTs, Phys. Rev. D82 (2010) 086009, [1006.0226]. (Pages 3, 8, 10,
13, and 25.)
[11] T. Weigand, Lectures on F-theory compactifications and model building, Class. Quant.
Grav. 27 (2010) 214004, [1009.3497]. (Pages 3 and 4.)
[12] M. J. Dolan, J. Marsano, N. Saulina and S. Scha¨fer-Nameki, F-theory GUTs with U(1)
Symmetries: Generalities and Survey, Phys. Rev. D84 (2011) 066008, [1102.0290].
(Page 3.)
[13] J. Marsano, N. Saulina and S. Scha¨fer-Nameki, G-flux, M5 instantons, and U(1)
symmetries in F-theory, Phys. Rev. D87 (2013) 066007, [1107.1718]. (Page 3.)
[14] S. Krause, C. Mayrhofer and T. Weigand, G4 flux, chiral matter and singularity
resolution in F-theory compactifications, Nucl. Phys. B858 (2012) 1–47, [1109.3454].
(Pages 3 and 40.)
[15] M. J. Dolan, J. Marsano and S. Scha¨fer-Nameki, Unification and Phenomenology of
F-Theory GUTs with U(1)PQ, JHEP 12 (2011) 032, [1109.4958]. (Page 3.)
[16] H. Hayashi, C. Lawrie and S. Scha¨fer-Nameki, Phases, Flops and F-theory: SU(5)
Gauge Theories, JHEP 10 (2013) 046, [1304.1678]. (Page 3.)
[17] M. Cveticˇ, A. Grassi, D. Klevers and H. Piragua, Chiral Four-Dimensional F-Theory
Compactifications With SU(5) and Multiple U(1)-Factors, JHEP 04 (2014) 010,
[1306.3987]. (Pages 3 and 40.)
[18] D. S. Park, Anomaly Equations and Intersection Theory, JHEP 01 (2012) 093,
[1111.2351]. (Page 3.)
[19] D. R. Morrison and D. S. Park, F-Theory and the Mordell-Weil Group of
Elliptically-Fibered Calabi-Yau Threefolds, JHEP 10 (2012) 128, [1208.2695]. (Pages
3, 21, 22, 23, and 32.)
43
[20] C. Mayrhofer, E. Palti and T. Weigand, U(1) symmetries in F-theory GUTs with
multiple sections, JHEP 03 (2013) 098, [1211.6742]. (Page 3.)
[21] V. Braun, T. W. Grimm and J. Keitel, New Global F-theory GUTs with U(1)
symmetries, JHEP 09 (2013) 154, [1302.1854]. (Page 3.)
[22] J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, Elliptic fibrations for
SU(5)× U(1)× U(1) F-theory vacua, Phys. Rev. D88 (2013) 046005, [1303.5054].
(Pages 3 and 35.)
[23] M. Cveticˇ, D. Klevers and H. Piragua, F-Theory Compactifications with Multiple
U(1)-Factors: Constructing Elliptic Fibrations with Rational Sections, JHEP 06
(2013) 067, [1303.6970]. (Pages 3 and 35.)
[24] V. Braun, T. W. Grimm and J. Keitel, Geometric Engineering in Toric F-Theory and
GUTs with U(1) Gauge Factors, JHEP 12 (2013) 069, [1306.0577]. (Pages 3, 14,
and 21.)
[25] J. Borchmann, C. Mayrhofer, E. Palti and T. Weigand, SU(5) Tops with Multiple
U(1)s in F-theory, Nucl. Phys. B882 (2014) 1–69, [1307.2902]. (Pages 3, 35, and 40.)
[26] M. Cveticˇ, D. Klevers and H. Piragua, F-Theory Compactifications with Multiple
U(1)-Factors: Addendum, JHEP 12 (2013) 056, [1307.6425]. (Pages 3 and 35.)
[27] M. Cveticˇ, D. Klevers, H. Piragua and P. Song, Elliptic fibrations with rank three
Mordell-Weil group: F-theory with U(1)× U(1)× U(1) gauge symmetry, JHEP 03
(2014) 021, [1310.0463]. (Page 3.)
[28] M. Ku¨ntzler and S. Scha¨fer-Nameki, Tate Trees for Elliptic Fibrations with Rank one
Mordell-Weil group, 1406.5174. (Pages 3 and 21.)
[29] D. Klevers, D. K. Mayorga Pena, P.-K. Oehlmann, H. Piragua and J. Reuter,
F-Theory on all Toric Hypersurface Fibrations and its Higgs Branches, JHEP 01
(2015) 142, [1408.4808]. (Pages 3, 19, 26, 31, 36, and 38.)
[30] M. Esole, M. J. Kang and S.-T. Yau, A New Model for Elliptic Fibrations with a Rank
One Mordell-Weil Group: I. Singular Fibers and Semi-Stable Degenerations,
1410.0003. (Page 3.)
[31] C. Lawrie and D. Sacco, Tate’s algorithm for F-theory GUTs with two U(1)s, JHEP
03 (2015) 055, [1412.4125]. (Pages 3 and 35.)
44
[32] M. Cveticˇ, D. Klevers, H. Piragua and W. Taylor, General U(1)× U(1) F-theory
compactifications and beyond: geometry of unHiggsings and novel matter structure,
JHEP 11 (2015) 204, [1507.05954]. (Pages 3, 22, and 23.)
[33] S. Krippendorf, D. K. Mayorga Pena, P.-K. Oehlmann and F. Ruehle, Rational
F-Theory GUTs without exotics, JHEP 07 (2014) 013, [1401.5084]. (Page 3.)
[34] S. Krippendorf, S. Scha¨fer-Nameki and J.-M. Wong, Froggatt-Nielsen meets
Mordell-Weil: A Phenomenological Survey of Global F-theory GUTs with U(1)s, JHEP
11 (2015) 008, [1507.05961]. (Page 3.)
[35] W. Buchmuller, M. Dierigl, P.-K. Oehlmann and F. Ruehle, The Toric SO(10)
F-Theory Landscape, JHEP 12 (2017) 035, [1709.06609]. (Page 3.)
[36] M. Cveticˇ, D. Klevers, D. K. M. Pen˜a, P.-K. Oehlmann and J. Reuter, Three-Family
Particle Physics Models from Global F-theory Compactifications, JHEP 08 (2015) 087,
[1503.02068]. (Pages 3, 19, and 34.)
[37] L. Lin and T. Weigand, G4-flux and standard model vacua in F-theory, Nucl. Phys.
B913 (2016) 209–247, [1604.04292]. (Pages 3, 35, 38, and 40.)
[38] M. Cveticˇ, L. Lin, M. Liu and P.-K. Oehlmann, An F-theory Realization of the Chiral
MSSM with Z2-Parity, 1807.01320. (Pages 3, 31, 36, 37, 38, and 40.)
[39] V. Braun and D. R. Morrison, F-theory on Genus-One Fibrations, JHEP 08 (2014)
132, [1401.7844]. (Pages 3, 4, 26, 28, and 40.)
[40] D. R. Morrison and W. Taylor, Sections, multisections, and U(1) fields in F-theory,
1404.1527. (Pages 3, 22, and 26.)
[41] L. B. Anderson, I. n. Garc´ıa-Etxebarria, T. W. Grimm and J. Keitel, Physics of
F-theory compactifications without section, JHEP 12 (2014) 156, [1406.5180]. (Pages
3, 26, 28, and 30.)
[42] I. n. Garc´ıa-Etxebarria, T. W. Grimm and J. Keitel, Yukawas and discrete symmetries
in F-theory compactifications without section, JHEP 11 (2014) 125, [1408.6448].
(Pages 3, 26, and 31.)
[43] C. Mayrhofer, E. Palti, O. Till and T. Weigand, Discrete Gauge Symmetries by
Higgsing in four-dimensional F-Theory Compactifications, JHEP 12 (2014) 068,
[1408.6831]. (Pages 3, 26, 28, 30, 31, 37, and 40.)
45
[44] M. Cveticˇ, R. Donagi, D. Klevers, H. Piragua and M. Poretschkin, F-theory vacua with
Z3 gauge symmetry, Nucl. Phys. B898 (2015) 736–750, [1502.06953]. (Pages 4, 26, 28,
29, 30, and 31.)
[45] T. Weigand, TASI Lectures on F-theory, 1806.01854. (Pages 4, 33, 40, and 42.)
[46] F. Denef, Les Houches Lectures on Constructing String Vacua, in String theory and the
real world: From particle physics to astrophysics. Proceedings, Summer School in
Theoretical Physics, 87th Session, Les Houches, France, July 2-27, 2007, pp. 483–610,
2008. 0803.1194. (Page 4.)
[47] E. Witten, Nonperturbative superpotentials in string theory, Nucl. Phys. B474 (1996)
343–360, [hep-th/9604030]. (Page 5.)
[48] R. Wazir, Arithmetic on elliptic threefolds, Compos. Math. 140 (2004) 567–580. (Pages
8 and 15.)
[49] J. H. Silverman, The arithmetic of elliptic curves, vol. 106 of Graduate Texts in
Mathematics. Springer, Dordrecht, second ed., 2009, 10.1007/978-0-387-09494-6.
(Pages 9 and 14.)
[50] J. H. Silverman, Advanced topics in the arithmetic of elliptic curves, vol. 151 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1994,
10.1007/978-1-4612-0851-8. (Page 9.)
[51] T. Shioda, Mordell-Weil lattices and Galois representation. I, Proc. Japan Acad. Ser.
A Math. Sci. 65 (1989) 268–271. (Pages 13 and 14.)
[52] T. Shioda, On the Mordell-Weil lattices, Comment. Math. Univ. St. Paul. 39 (1990)
211–240. (Pages 13 and 14.)
[53] S.-J. Lee, D. Regalado and T. Weigand, 6d SCFTs and U(1) Flavour Symmetries,
1803.07998. (Pages 13 and 39.)
[54] C. Mayrhofer, D. R. Morrison, O. Till and T. Weigand, Mordell-Weil Torsion and the
Global Structure of Gauge Groups in F-theory, JHEP 10 (2014) 16, [1405.3656].
(Pages 15, 18, and 22.)
[55] M. Cveticˇ and L. Lin, The Global Gauge Group Structure of F-theory Compactification
with U(1)s, JHEP 01 (2018) 157, [1706.08521]. (Pages 15, 16, and 21.)
46
[56] T. W. Grimm, A. Kapfer and D. Klevers, The Arithmetic of Elliptic Fibrations in
Gauge Theories on a Circle, JHEP 06 (2016) 112, [1510.04281]. (Pages 16, 21,
and 36.)
[57] S. Monnier, G. W. Moore and D. S. Park, Quantization of anomaly coefficients in 6D
N = (1, 0) supergravity, JHEP 02 (2018) 020, [1711.04777]. (Page 19.)
[58] C. Lawrie, S. Scha¨fer-Nameki and J.-M. Wong, F-theory and All Things Rational:
Surveying U(1) Symmetries with Rational Sections, 1504.05593. (Page 21.)
[59] C. Vafa, The String landscape and the swampland, hep-th/0509212. (Page 21.)
[60] H. Ooguri and C. Vafa, On the Geometry of the String Landscape and the Swampland,
Nucl. Phys. B766 (2007) 21–33, [hep-th/0605264]. (Page 21.)
[61] V. Kumar, D. R. Morrison and W. Taylor, Global aspects of the space of 6D N = 1
supergravities, JHEP 11 (2010) 118, [1008.1062]. (Page 21.)
[62] D. S. Park and W. Taylor, Constraints on 6D Supergravity Theories with Abelian
Gauge Symmetry, JHEP 01 (2012) 141, [1110.5916]. (Page 21.)
[63] D. Klevers and W. Taylor, Three-Index Symmetric Matter Representations of SU(2) in
F-Theory from Non-Tate Form Weierstrass Models, JHEP 06 (2016) 171,
[1604.01030]. (Pages 22 and 23.)
[64] F. Baume, M. Cveticˇ, C. Lawrie and L. Lin, When rational sections become cyclic
Gauge enhancement in F-theory via Mordell-Weil torsion, JHEP 03 (2018) 069,
[1709.07453]. (Page 22.)
[65] D. Klevers, D. R. Morrison, N. Raghuram and W. Taylor, Exotic matter on singular
divisors in F-theory, 1706.08194. (Page 23.)
[66] N. Raghuram, Abelian F-theory Models with Charge-3 and Charge-4 Matter, JHEP 05
(2018) 050, [1711.03210]. (Pages 23 and 37.)
[67] C. Lu¨deling and F. Ruehle, F-theory duals of singular heterotic K3 models, Phys. Rev.
D91 (2015) 026010, [1405.2928]. (Page 23.)
[68] M. Cveticˇ, J. J. Heckman and L. Lin, Towards Exotic Matter and Discrete
Non-Abelian Symmetries in F-theory, 1806.10594. (Page 23.)
47
[69] M. Peskin and D. Schroeder, An Introduction To Quantum Field Theory. Frontiers in
Physics. Avalon Publishing, 1995. (Page 24.)
[70] T. W. Grimm, M. Kerstan, E. Palti and T. Weigand, Massive Abelian Gauge
Symmetries and Fluxes in F-theory, JHEP 12 (2011) 004, [1107.3842]. (Page 25.)
[71] C. Mayrhofer, E. Palti, O. Till and T. Weigand, On Discrete Symmetries and Torsion
Homology in F-Theory, JHEP 06 (2015) 029, [1410.7814]. (Pages 26 and 32.)
[72] A. P. Braun, A. Collinucci and R. Valandro, The fate of U(1)’s at strong coupling in
F-theory, JHEP 07 (2014) 028, [1402.4054]. (Page 26.)
[73] P. Arras, A. Grassi and T. Weigand, Terminal Singularities, Milnor Numbers, and
Matter in F-theory, J. Geom. Phys. 123 (2018) 71–97, [1612.05646]. (Page 26.)
[74] L. Lin, C. Mayrhofer, O. Till and T. Weigand, Fluxes in F-theory Compactifications on
Genus-One Fibrations, JHEP 01 (2016) 098, [1508.00162]. (Pages 26, 31, 37, 38,
and 40.)
[75] Y. Kimura, Gauge symmetries and matter fields in F-theory models without section
compactifications on double cover and Fermat quartic K3 constructions times K3, Adv.
Theor. Math. Phys. 21 (2017) 2087–2114, [1603.03212]. (Page 26.)
[76] Y. Kimura, Discrete Gauge Groups in F-theory Models on Genus-One Fibered
Calabi-Yau 4-folds without Section, JHEP 04 (2017) 168, [1608.07219]. (Page 26.)
[77] I. Dolgachev and M. Gross, Elliptic threefolds. I. Ogg-Shafarevich theory, J. Algebraic
Geom. 3 (1994) 39–80. (Page 29.)
[78] V. Braun, T. W. Grimm and J. Keitel, Complete Intersection Fibers in F-Theory,
JHEP 03 (2015) 125, [1411.2615]. (Page 29.)
[79] P.-K. Oehlmann, J. Reuter and T. Schimannek, Mordell-Weil Torsion in the Mirror of
Multi-Sections, JHEP 12 (2016) 031, [1604.00011]. (Pages 29 and 38.)
[80] A. P. Braun, A. Collinucci and R. Valandro, G-flux in F-theory and algebraic cycles,
Nucl. Phys. B856 (2012) 129–179, [1107.5337]. (Pages 31 and 40.)
[81] S. Krause, C. Mayrhofer and T. Weigand, Gauge Fluxes in F-theory and Type IIB
Orientifolds, JHEP 08 (2012) 119, [1202.3138]. (Pages 31 and 40.)
48
[82] K. Intriligator, H. Jockers, P. Mayr, D. R. Morrison and M. R. Plesser, Conifold
Transitions in M-theory on Calabi-Yau Fourfolds with Background Fluxes, Adv. Theor.
Math. Phys. 17 (2013) 601–699, [1203.6662]. (Page 31.)
[83] P. Candelas and A. Font, Duality between the webs of heterotic and type II vacua,
Nucl. Phys. B511 (1998) 295–325, [hep-th/9603170]. (Page 35.)
[84] V. Bouchard and H. Skarke, Affine Kac-Moody algebras, CHL strings and the
classification of tops, Adv. Theor. Math. Phys. 7 (2003) 205–232, [hep-th/0303218].
(Page 35.)
[85] L. Lin and T. Weigand, Towards the Standard Model in F-theory, Fortsch. Phys. 63
(2015) 55–104, [1406.6071]. (Page 35.)
[86] M. Bies, C. Mayrhofer, C. Pehle and T. Weigand, Chow groups, Deligne cohomology
and massless matter in F-theory, 1402.5144. (Pages 37, 40, and 42.)
[87] M. Bies, C. Mayrhofer and T. Weigand, Algebraic Cycles and Local Anomalies in
F-Theory, JHEP 11 (2017) 100, [1706.08528]. (Pages 37, 38, and 40.)
[88] R. Valandro, “Abelian gauge symmetries and higher charge states from Matrix
Factorization.” Talk given at “Physics and Geometry of F-theory 2018 (Madrid)”,
Mar., 2018. (Page 38.)
[89] A. Collinucci, M. Fazzi and R. Valandro, Geometric engineering on flops of length two,
JHEP 04 (2018) 090, [1802.00813]. (Page 38.)
[90] W. Taylor and A. P. Turner, An infinite swampland of U(1) charge spectra in 6D
supergravity theories, JHEP 06 (2018) 010, [1803.04447]. (Page 38.)
[91] M. Cveticˇ, T. W. Grimm and D. Klevers, Anomaly Cancellation And Abelian Gauge
Symmetries In F-theory, JHEP 02 (2013) 101, [1210.6034]. (Pages 38 and 40.)
[92] T. W. Grimm and A. Kapfer, Anomaly Cancelation in Field Theory and F-theory on a
Circle, 1502.05398. (Page 38.)
[93] M. Bies, C. Mayrhofer and T. Weigand, Gauge Backgrounds and Zero-Mode Counting
in F-Theory, JHEP 11 (2017) 081, [1706.04616]. (Pages 38, 40, and 42.)
[94] P. Corvilain, T. W. Grimm and D. Regalado, Chiral anomalies on a circle and their
cancellation in F-theory, JHEP 04 (2018) 020, [1710.07626]. (Pages 38 and 40.)
49
[95] M. Cveticˇ, A. Grassi, D. Klevers, M. Poretschkin and P. Song, Origin of Abelian
Gauge Symmetries in Heterotic/F-theory Duality, JHEP 04 (2016) 041, [1511.08208].
(Page 38.)
[96] M. Cveticˇ, A. Grassi and M. Poretschkin, Discrete Symmetries in Heterotic/F-theory
Duality and Mirror Symmetry, JHEP 06 (2017) 156, [1607.03176]. (Page 38.)
[97] J. J. Heckman, D. R. Morrison, T. Rudelius and C. Vafa, Atomic Classification of 6D
SCFTs, Fortsch. Phys. 63 (2015) 468–530, [1502.05405]. (Page 39.)
[98] L. Bhardwaj, Classification of 6d N = (1, 0) gauge theories, JHEP 11 (2015) 002,
[1502.06594]. (Page 39.)
[99] J. J. Heckman and T. Rudelius, Top Down Approach to 6D SCFTs, 1805.06467.
(Page 39.)
[100] L. B. Anderson, A. Grassi, J. Gray and P.-K. Oehlmann, F-theory on Quotient
Threefolds with (2,0) Discrete Superconformal Matter, JHEP 06 (2018) 098,
[1801.08658]. (Page 39.)
[101] M. Del Zotto, J. J. Heckman, D. R. Morrison and D. S. Park, 6D SCFTs and Gravity,
JHEP 06 (2015) 158, [1412.6526]. (Page 39.)
[102] T. W. Grimm and H. Hayashi, F-theory fluxes, Chirality and Chern-Simons theories,
JHEP 03 (2012) 027, [1111.1232]. (Page 40.)
[103] A. Collinucci and R. Savelli, On Flux Quantization in F-Theory, JHEP 02 (2012) 015,
[1011.6388]. (Page 40.)
[104] A. Collinucci and R. Savelli, On Flux Quantization in F-Theory II: Unitary and
Symplectic Gauge Groups, JHEP 08 (2012) 094, [1203.4542]. (Page 40.)
[105] A. P. Braun and T. Watari, The Vertical, the Horizontal and the Rest: anatomy of the
middle cohomology of Calabi-Yau fourfolds and F-theory applications, JHEP 01 (2015)
047, [1408.6167]. (Page 40.)
50
